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Abstract
The role of neutron-proton pairing correlations on the structure of nuclei along the N = Z
line is reviewed. Particular emphasis is placed on the competition between isovector (T = 1) and
isoscalar (T = 0) pair fields. The expected properties of these systems, in terms of pairing collective
motion, are assessed by different theoretical frameworks including schematic models, realistic Shell
Model and mean field approaches. The results are contrasted with experimental data with the goal
of establishing clear signals for the existence of neutron-proton (np) condensates. We will show
that there is clear evidence for an isovector np condensate as expected from isospin invariance.
However, and contrary to early expectations, a condensate of deuteron-like pairs appears quite
elusive and pairing collectivity in the T = 0 channel may only show in the form of a phonon.
Arguments are presented for the use of direct reactions, adding or removing an np pair, as the
most promising tool to provide a definite answer to this intriguing question.
1 Introduction
More than 50 years ago Bohr, Mottelson and Pines [1], suggested a pairing mechanism in the atomic
nucleus analogous to that observed in superconductors. Since then, a wealth of experimental data has
been accumulated, supporting the important role played by nn and pp “Cooper pairs” in modifying many
nuclear properties such as deformation, moments of inertia, alignments, etc. [2–4]. Due to advances
in experimental techniques and sensitive detector systems, together with the new possibilities available
with radioactive beams, we are seeing a renaissance of nuclear structure studies, in particular, along the
N = Z line. Of interest here is the role played by the isoscalar (T = 0) and isovector (T = 1) pairing
correlations.
For almost all known nuclei, i.e. those with N > Z, the pair correlated state consists of neutron
(nn) and/or proton (pp) pairs coupled to angular momentum zero and isospin T = 1. For nuclei with
N ≈ Z, the protons and neutrons near the Fermi surface occupy identical orbitals, which allows for a
different type of pairs consisting of a neutron and a proton (np). The np pairs can couple to angular
momentum zero and isospin T = 1 (isovector), or, since they are no longer restricted by the Pauli
exclusion principle, they can couple to T = 0 (isoscalar) and J = 1. Fig. 1 illustrates the two types
of pairs for the LS coupling scheme, which applies only for light nuclei. For medium-mass nuclei the
spin-orbit potential induces the jj coupling. Fig. 2 shows the experimental effective interaction between
two nucleons derived by Molinari et al. [5] and Schiffer and True [6]. As expected for a short range
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Figure 1: Schematic picture showing the possible pair arrangements in N = Z nuclei.
interaction, the favored angular momenta are J = 0 for T = 1 pairs and J = 1 or J = Jmax for T = 0
pairs. Charge independence of the nuclear force implies that for N = Z nuclei, J = 0, T = 1 np pairing
should exist on an equal footing with J = 0, T = 1 nn and pp pairing. There is convincing evidence
for this expectation that will be reviewed. However, it is an open question whether strongly correlated
J = 1, T = 0 np pairs also exist. Another interesting question relates to the consequences of the strong
attraction between the proton and neutron in a J = Jmax, T = 0 pair. Both questions are the focus of
this review.
We believe it is important, right at the start, to clarify what we mean by ”pairing” in the context of
this work. While it is obvious that a strong pairing force is present in the T = 0 channel, the question
is whether or not a correlated state can be formed. This correlated state is that in analogy to the
pair phase of superconductors and superfluids. Far from the thermodynamic limit, the definition of
such state is to be discussed in detail. In fact, as simple models and general arguments indicate, the
control parameter that induces the transition between a normal system and a pair correlated depends
not only on the strength of the force G but also on the available degeneracy Ω and the single particle
spacings D, usually in the form GΩ/D. In a mean field approach there is a pair field and a correlation
energy that comes with it. In the context of exact solutions (either simple soluble models, or the Shell
Model,) a careful definition is needed. Many authors have used the same terms as ”correlation energy”,
”number of pairs”, ”order parameter”, ”paired phase” but meant something different. This has lead to
a certain degree of confusion, in particular with respect to the question: ”Is there isoscalar np pairing?”
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We adopt the following point of view: The ”paired” wave function must substantially deviate from the
”unpaired” one by correlating nucleons into pairs. The amount of such correlations can be quantified by
the expectation value the order parameter, which is the pair transfer matrix element, or the correlation
energy, which is the difference between the expectation values of the pair interaction between the
correlated state and some uncorrelated reference state. Such a definition relates the nuclear pairing
phenomena with superconductivity and superfluidity, which represent the limit of very large particle
number. However, one has always to keep in mind that the nucleus is a relatively small -mesoscopic-
system. The neutron-proton pair phenomena which will be discussed appear in nuclei with A < 100,
for which the number of valence particles/holes is less than 22. For such small systems the concepts of
”phase”, ”phase transition”, ”condensate”, which have a clear meaning for the thermodynamic limit of
macroscopic systems, have to be used with some care. In a small system as the nucleus, the singularity
of a phase transition is washed out into an extended cross-over region. Its onset is signaled by the
occurrence of pair vibrations, which are the precursors of the strong pair correlations that characterize
the pair condensate of macroscopic superconductors / superfluids. In Section 2, we will discuss these
aspects in some detail, because we feel that the terminology of macroscopic systems is often used in a
too loose way.
Figure 2: The experimental interaction matrix elements EJ between two nucleons in j-orbitals forming
a T = 0 pair (left panel) and a T = 1 pair (right panel). The angle between the angular momenta ~j
of the two nucleons is denoted by θ12. A scaling factor E is applied such that different j-orbitals fall
on the same curve. For each j-shell, the first point to the left corresponds to J = 1 and the last to the
right to J = 2j in the case T = 0, and the first point to the left corresponds to J = 0 in the case T = 1.
From [6].
The present article does not intend to provide a comprehensive review of the theoretical work.
Rather, we shall only cover the theoretical background relevant for the discussion of predictions con-
cerning the strength of the correlations and their experimental evidence. From the experimental point
of view, the most important aspect is recognizing the possible signals for np pairing. We will review
recent experimental information that sheds light on the question of np pairing and discuss further op-
portunities with the use of direct reactions. As we will show, there is no clear evidence, so far, for
T = 0 collective pairing behavior in the form of a condensate, as established for T = 1 pairs. If present,
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the T = 0 ”deuteron” condensate appears elusive, and theoretical studies point to collective T = 0
correlation of a vibrational type. However, more sensitive probes may be required to extract the per-
tinent experimental signatures. From our discussion above, transfer reactions of np pairs are perhaps
the ultimate ”smoking-gun”, as (t, p) and (p, t) reactions played a similar role to elucidate the role of
nn pairing correlations.
The article will proceed as follows: in Section 2 we review important theoretical aspects that are
critical to the interpretation of the experimental data. These include simple models, Shell Model calcu-
lations and mean field approaches. Section 3 is devoted to phenomenological analyses of binding energies
in parallel with theoretical expectations. The important effects of rotational motion are discussed in
detail in Section 4 with particular reference to the recently suggested ”spin-aligned pairing phase” in
92Pd. In Sections 5, 6, and 7 we show experimental data related to the structure of odd-odd N = Z
nuclei, Gamow-Teller strengths and pairing vibrations respectively . We end our review in Section 8
by discussing the unique role that np transfer reactions may play in providing a definite answer to this
question.
2 Expectations from theory
There has been extensive theoretical work on np pairing in the framework of a variety of different
approaches. In this section we review the major types of theories with the goal to provide the background
for discussing the comparison with experiment in subsequent sections. We discuss their predictions of
the strength np pair correlations and discuss conceptual issues concerning the conservation of isospin.
We start with a discussion of qualitative features of the np pairing in Section 2.1. It is based on
schematic models of one and two spherical j-shells, for which exact solutions are available. Most of
the region A < 100, where N ≈ Z nuclei can be studied experimentally, is accessible to modern
large-scale Shell Model calculations in the spherical single particle basis, which will be discussed in
Section 2.2. Shell Model studies in a deformed single particle basis will be reviewed as well. Section
2.3 clarifies the meaning of the mean field solutions, which spontaneously break the isospin symmetry.
Their interpretation as intrinsic states of isorotational bands will be discussed. The mean field studies
of np pairing will be reviewed in Section 2.4, which introduces the pertinent version of the Hartree-
Fock-Bogoliubov approximation in Section 2.4.1. Section 2.5 presents the variational approaches based
on symmetry projected mean field type solutions.
2.1 Schematic models
2.1.1 Isovector pairing
To convey the essential aspects of the problem, we consider the schematic isovector pairing Hamiltonian,
H =
∑
j
εjNˆ(j)−G
∑
µ
P †µPµ, (1)
which is defined by the J = 0, T = 1 pair operators
P †1 =
∑
jm>0(−)j−mn†jmn†j−m =
∑
j
√
j + 1/2A11†00 (j, j),
P †−1 =
∑
jm>0(−)j−mp†jmp†j−m =
∑
j
√
j + 1/2A1−1†00 (j, j),
P †0 =
1√
2
∑
jm>0(−)j−m
(
n†jmp
†
j−m + p
†
jmn
†
j−m
)
=
∑
j
√
j + 1/2A10†00 (j, j), (2)
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and the number operators
Nˆp(j) =
∑
m
p†jmpjm, Nˆn(j) =
∑
m
n†jmnjm, Nˆ(j) = Nˆp(j) + Nˆn(j), (3)
where p†jm = c
†
jm,−1/2 creates a proton and n
†
jm = c
†
jm,1/2 a neutron. For later use we introduced the
general pair operators
ATMT †JMJ (j, j
′) =
1√
1 + δ(j, j′)
∑
mm′ττ ′
〈jmj′m′|JMJ〉
〈
1
2
τ
1
2
τ ′|TMT
〉
c†jm,τc
†
j′m′,τ ′ , (4)
which generate a nucleon pair of isospin T, Tz = MT and angular momentum J, Jz = MJ . The even
particle number A = 2M , the isospin T , and its projection Tz = (N−Z)/2 are good quantum numbers.
We start with the discussion of pair correlations in two degenerated shells, which provides qualitative
insight in essential features of the np pair correlations, because the solutions can be fond without
approximation.
2.1.2 Two-shell model
Dussel et al. [7] studied the case of two identical j-shells of degeneracy Ω = j + 1/2 separated by
ε2 − ε1 = D, which are approximately half filled (M = 2Ω, 2Ω + 2, 2Ω + 4, where M = A/2 is the
number of pairs). The model is generic for the realistic case of non-degenerate levels showing a phase
transition between the paired and unpaired regime. The control parameter y = G/Gc = 2ΩG/D < 1 or
> 1 decides, respectively, whether there is an isovector pair condensate or not. As for any finite system,
the transition is not sharp, there is a gradual cross-over between the two regimes. We will use the term
”condensate” for the finite pair field ∆ of the mean field solution and we will speak of a ”paired phase”
or ”superfluid phase” if the mean field solution contains such a condensate.
We restate here that in nuclei there is no well defined phase transition that can be classified by its
type of singularity (first order, second order) as in macroscopic systems. In a relatively small system as
the nucleus there are two regimes and an extended cross-over region between them. When the particle
number becomes large, the two regimes approach the two phases of the thermodynamic limit and the
cross-over region shrinks to the singularity of the phase transition. With increasing particle number
the mean field approximation becomes more and more accurate. Thus it seems appropriate to use the
terminology of macroscopic systems in a more general way to characterize the two regimes and draw an
artificial border line in the transition region. Moreover, the terminology is quite commonly used, often
too careless in our our view.
First consider the paired regime. The limit D → 0, i.e y → ∞, corresponds to one shell with
degeneracy 2Ω. The states are representations of the group SO(5) which are classified with respect to
the particle number A = 2M , isospin T , its projection Tz = MT = (N − Z)/2, the seniority v, and
reduced isospin t [8]. The energy is
Ev,t,M,T = −1
2
G [(M − v/2)(2Ω + 3−M − v/2) + t(t+ 1)] + 1
2
GT (T + 1) (5)
which does not depend on MT , i.e. there are isospin multiplets of isobaric nuclei with different N and
Z. The states show a rotational pattern with the isospin T playing the role of the angular momentum
I of the analogous spatial rotation of deformed nuclei. Each isorotational band is determined by the
quantum numbers v, t, M of the intrinsic state and has the energy E(v, t,M) + T (T + 1)/2θ, where
the moment of inertia θ = 1/G. The isorotational bands are evidence for the presence of an isovector
condensate, which is deformed in isospace. The presence of the condensate additionally induces pair
rotational bands, which are manifest by the quadratic dependence of the energy on the particle number
A = 2M .
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Figure 3: The energy of the states belonging to the first two isorotational bands (with T ≤ 5 ) as
functions of G/Gc for Ω = 10 and M = 20. From [7].
The seniority v counts the number of broken pairs. Only T = 0, 2, 4, ... is allowed in the case of
v = 0 states in even-even nuclei (even M) and T = 1, 3, 5, ... in the case of v = 0 states in odd-odd
nuclei (odd M). The energy difference between states v = 2 and v = 0 and the same T and t is G(Ω+1).
The v = 0 ground state in the even-even system has T = 0. The lowest T = 1 state has v = 2 and lies
at G(Ω + 1) + G. The v = 0 ground state of the odd-odd system has T = 1. The lowest T = 0 state
has v = 2 and lies at G(Ω + 1)−G = GΩ.
Fig. 3 demonstrates that the described isorotational pattern prevails down to G/Gc ∼ 2. The
strength of the condensate is measured by the gap parameter ∆ of the BCS solution for the model,
which is ∆ =
√
(2GΩ)2 −D2/2 = D√y2 − 1/2 for M = 2Ω (see Section 2.4.2). The cranking value
of the isorotational moment of inertia θ = (1 − 1/y2)/G is smaller than the asymptotic value 1/G,
which accounts for the up bend of the energies when approaching the critical coupling Gc. Below the
critical point the vibrational spectrum emerges. The lowest group combines a T = 1 pair addition
with a T = 1 pair removal phonon, which couple to T =0, 1, 2. The excitation energy for both modes
is h¯ω = 2D
√
1− y in Random Phase Approximation (RPA) approximation, which describes small-
amplitude harmonic vibration in a microscopic way. Naturally, the spectrum strongly deviates from the
RPA and cranking estimates in the cross-over region 1 < y < 2.
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Figure 4: The absolute value of the reduced transition matrix elements between M = 20 and M = 21
as a function of G/Gc and Ω = 10. A level scheme clarifies the transitions that are considered. The full
double arrows are allowed-allowed, the dashed one is forbidden-forbidden connecting a ground state of
M = 20 with an excited state of M = 21; the dotted double arrows are the allowed-forbidden transitions
populating the pairing vibration of the M = 20 system. From [7].
The operators P †µ represent the matrix elements for pair transfer. Due to isospin invariance the
relative strength for two-proton (µ = −1), two-neutron (µ = 1), and np transfer (µ = 0) are related by
Clebsch-Gordan coefficients,
〈
T ′M ′T |P †µ|TMT
〉
=
1√
2T ′ + 1
〈TMT1µ|T ′M ′T 〉
〈
T ′‖P †‖T
〉
. (6)
In the limit D = 0 the reduced matrix elements
〈
T ′v′‖P †‖Tv
〉
= 0, as transitions between states of
different seniority v are forbidden. Fig. 4 displays how some of the reduced matrix elements
〈
T ′‖P †‖T
〉
change with the pair strength. States are labeled by (T,m, α), where α denotes if it is the first, second
etc. time that a state with isospin T and M = 2Ω +m appears.
The matrix element (001) ↔ (111) between the T = 0 ground state of an even-even nucleus and
the T = 1 ground state of its odd-odd neighbor strongly increases with the appearance of the pair
condensate in the cross-over region. Its mean field value is
〈
1‖P †‖0
〉
=
√
2∆
G
=
Ω√
2
(
y2 − 1
y2
)1/2
. (7)
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Figure 5: Energies of the lowest T = 1, S =
0 and T = 0, S = 1 for a half filled l-
shell. Note that here the isoscalar and isovec-
tor coupling constants are GIV = xG and
GIS = (1− x)G. From [11] .
Figure 6: Absolute value of the components
of the (S, T ) = (0, 0) ground-state wave func-
tion for N = 12 in the basis of good isoscalar
seniority vo. The isovector and isoscalar cou-
pling constants are GIV = (x + 1)G/2 and
GIS = (1− x)G/2. From [9].
The expression applies only sufficiently above the cross-over region, where the transition matrix elements
rearrange into the rotational-vibrational pattern of a nucleus that is deformed in isospace (in analogy
to the rotational and β- and γ- vibrational excitation of a deformed nucleus). In the region G << Gc
the (001) ↔ (111) transitions correspond to creating or annihilating a pair addition phonon. The
(111)↔ (002) transitions correspond to creating or annihilating a pair removal phonon. (The state 2 is
composed of a pair removal and a pair addition phonon.) In the considered symmetric case both matrix
elements are equal. The matrix element rapidly decreases with appearance of the pair condensate,
which reflects the approach to the limit D = 0.
2.1.3 Pure isoscalar pairing
Let us consider now the schematic isoscalar pairing Hamiltonian,
H =
∑
l
εlNˆ(l)−G
∑
µ
D†µDµ, (8)
which is defined by the S = 1, T = 0 pair operators
D†1 =
1√
2
∑
lm>0
(−)l−m
(
n†lm↑p
†
l−m↑ − p†lm↑n†l−m↑
)
, (9)
D†0 =
1
2
∑
lm>0
(−)m
(
n†lm↑p
†
l−m↓ + n
†
lm↓p
†
l−m↑ − p†lm↑n†l−m↓ − p†lm↓n†l−m↑
)
, (10)
D†−1 =
1√
2
∑
lm>0
(−)l−m
(
n†lm↓p
†
l−m↓ − p†lm↓n†l−m↓
)
(11)
and the number operators
Nˆ(l) =
∑
m
(
p†lm↑plm↑ + p
†
lm↓plm↓ + n
†
lm↑nlm↑ + n
†
lm↓nlm↓
)
, (12)
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where p†lm↑ creates a proton and n
†
lm↑ a neutron with orbital momentum l and spin up and p
†
lm↓ and n
†
lm↓
with spin down, respectively. The even particle number A = 2M , the total spin S, and its projection
Sz = MS are good quantum numbers. The isoscalar pair Hamiltonian (8) is equivalent to the isovector
pair Hamiltonian (1) when the isospin is replaced by the spin, and the results of the two-level model
reinterpreted accordingly. In the case of a strong isoscalar condensate, the ground states of the even-
even and odd-odd N = Z nuclei are both v = 0. They constitute a pair rotational band, which is
the consequence of breaking gauge symmetry. This is analogous to pair rotational bands of a neutron
pair condensate: The ground state energies of even-N nuclei change in a gradual way when correlated
neutron pairs are added. In the case of isoscalar pairing, np pair carrying spin one are added, and one
expects that the even-even and odd-odd N = Z nuclei join into a smooth sequence.
The odd-odd nuclei have Ipi = 1+ ground states, which are slightly shifted up relative to the even-
even neighbors by the rotational energy of the condensate, which is S(S+1)/2J = 1/J = G/(1−1/y2).
For the two level model and G = 4Gc the shift amounts to 1/7 of the shell distance D to be compared
with about D in the case of a weak isoscalar correlation.
The spin rotational bands expected to appear with an isoscalar condensate will be difficult to be
identified among the excited states, because there is no selective operator. The spin-orbit interaction
will couple them to the orbital rotation. One expects an increase of the combined moment of inertia
due to the spin alignment.
2.1.4 Isoscalar and isovector pairing
Combining the isovector and isoscalar pair Hamiltonians (1) and (8,48) allows one to study the com-
petition between the two pair modes. Evans et al. [9], Engel et al. [10], and Macchiavelli et al. [11]
investigated the limiting case D = 0, and Dussel et al. [12] studied the general case D 6= 0.
One shell D = 0 The transition between the two regimes is controlled by another parameter x
that measures the relative strength of the isovector and isoscalar paring interactions, GIV and GIS,
respectively, i .e x = (GIV − GIS)/(GIV + GIS) 1. In addition to the discussed solutions for x = ±1,
represented by the group SU(5), the states are representations of the group SU(4) (Wigner super
multiplets [13]) for x = 0, i.e. , GIV = GIS. For intermediate values of x solutions were found by
numerical diagonalization using the representations of the group SO(8) as a basis.
Fig. 5 shows the ground states of adjacent even-even, odd-odd, even-even N = Z systems. Around
x = 0 there is a cross-over from the isoscalar regime to the isovector regime. The discussed characteristics
of the pure phases appear already for |x| > 0.2. On the isoscalar side, the energy of the T = 0 ground
state of the odd-odd nucleus is close to the mean of the ground state energies of the even-even neighbors,
which is the hallmark of an isoscalar pair field that is stronger than the single particle level spacings.
On the isovector side, the energy of the T = 1 ground state of the odd-odd nucleus is close to the
mean of the ground state energies of the even-even neighbors, which is the hallmark of an isovector
pair field that is stronger than the single particle spacings. The small displacement is of the order of
the pairing strength G for the degenerate shell. It will be substantially larger, of the order of twice
the average single particle level spacing, ≈ 50 MeV/A, in the absence of strong correlations, when the
pairing gap is comparable with the level distance. Fig. 6 shows that the ground state wave function
is dominated by the pure isoscalar ground state (v0 = 0) up to x=-0.2. Then components with higher
seniority (v0 > 0) herald the cross-over to the isovector regime. The transition from the isovector regime
is mirror symmetric.
Engel et al. [10] studied the relation between the mean field solutions and the exact ones for a
shell with degeneracy 2Ω = 24. They applied the Hartree-Fock-Bogoliubov (HFB) mean field theory
1The reader should be made aware of the different definitions used in the literature. When appropriate we have added
a note to that effect.
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Figure 7: Expectation values of the number pairs of each type for 6 protons and 14 neutrons in a shell
of 2Ω = 24 degeneracy. The upper upper shows the exact values and the lower the mean field results.
The isovector and isoscalar coupling constants are GIV = (x+1)G/2 and GIS = (1−x)G/2. The values
for pure isovector and isoscalar interaction are included as horizontal lines. The differences indicated
by double arrows measure the strength of the respective pair correlation. Adapted from [10].
(see Section 2.4) to the model. As a measure for the pair correlations of each type they used the pair
counting operators
ΩNJ=0,T=1µ = P †µPµ, ΩNJ=1,T=0 =
∑
µ
D†µDµ. (13)
These are special cases of the operators
NJ,Tµ =
∑
jj′M
ATµ†JM (j, j
′)ATµJM(j, j
′), NJ,T =
∑
µ
NJ,Tµ, (14)
which count the number of pairs of given angular momentum J and isospin T . The operators count
the number uncorrelated pairs as well. We take as a measure for the isovector pair correlations the
difference of the expectation value of the pair counting operator 〈NJ=0,Tµ〉 and its expectation value
for GIV =0, which we consider as the number of uncorrelated pairs. The number of correlated isoscalar
pairs is estimated in the same way.
Fig . 7 compares the strength of the four different pair types for the exact and mean field solutions.
The case N − Z = 8 is displayed. (Note, the abscissa is −x.) The lower panel shows the mean field
results. On the isovector side x > 0, there is practically no isovector np field. The increase from the
10
Figure 8: Ground state energies (in arbitrary units) of 5 nucleon pairs in a shell with degeneracy
2Ω = 24. The isovector and isoscalar coupling constants are GIV = (x+ 1)G/2 and GIS = (1− x)G/2.
The left panel shows the mean field solutions, the right panel compares the exact energies with the
mean field approximation. The number of neutrons is indicated in each sub panel. Solution A has zero
np pair field. Solution B corresponds to a pure T = 1 np pair field. Solution C comprises a T = 0 np
pair field coexisting with equal T = 1 nn and pp pair fields. From [10].
values for x = ±1 measures the strength of the respective correlations. The mean field solution has
no np component on the isovector side, i. e. the isovector pairfield ~∆ is oriented along the y-axis, as
expected for isocranking about the z-axis (see discussion in Sec. 2.3). On the isoscalar side, isoscalar
field decreases below −x = 0.5 and disappears at x = 0. In this regime it coexists with with nn and pp
fields of equal strength, which disappear above −x = 0.5. The upper panel shows the exact results. In
essence, they reflect the mean field results. As expected, the phase transition of the mean field solutions
gives way to a more gradual cross-over. The isoscalar np pair field persists to substantial values |N−Z|
(8 in this case). This is in contrast to the isovector pair field ~∆, which can always be oriented such that
its np component is zero. The isovector np correlations appear as a consequence of the restoration of
good isospin, i.e. by rotation of ~∆ in isospace. The two panels demonstrate that for the shown case of
Tz = 4 the isovector np correlations remain negligible after isospin restoration. However, for T = Tz = 0
isovector np, pp, and nn correlations have equal strength (see Section 2.3).
Fig. 8 demonstrates that the exact ground state energies of 5 nucleon pairs in the shell are well
reproduced by the mean field values for the whole isobaric chain up to the pure neutron system. On the
isovector side (x > 0), the degenerate solutions A ( no T=1 pairing) and B (only T=1 pairing) of the
N = Z = 5 system are two members of the infinite family of solutions corresponding to the orientation
of ~∆ in isospace (see Section 2.3). On the isoscalar side (x < 0), the T = 0 pair field exists for all Tz as
long as there are protons.
Two shells D 6= 0 The competition between isoscalar and isovector paring in two `-shells was studied
by Dussel et al. [12] and in two j-shells by Be`s et al. [14] and ourselves (see below). The phase dia-
gram Fig. 9 for two `-shells maps out the possible regimes to be expected in real nuclei. As discussed
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IVPC 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ISPV 
A 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Figure 9: Phase diagram for T = 1 and T = 0 pairing in two `-shells with degeneracy 2Ω1 = 12
and 2Ω2 = 8 occupied by 12 protons and 12 neutrons. Using polar coordinates, ρ and γ, the angle
γ determines the relative strength of the isovector and isoscalar interactions. The radial distance ρ
measures the total strength in units of the critical strength for the appearance of a condensate for
pure isovector or isoscalar interaction (γ = 0, 90◦). The contour lines show the values of isovector the
transfer matrix element between the A = 24 T = 0 ground state and the lowest A = 26 T = 1 state.
The dashed lines delineate the various phases, where IVPV: isovector pair vibrations, ISPV: isoscalar
pair vibration, IVPC: isovector pair condensate, ISPC: isoscalar pair condensate. From [12].
separately for the T = 1 and T = 0 pairing (c.f. 2.1.2 and 2.1.3) the correlation strength is determined
by the ratio y = GΩ/D. The critical value y = 1 marks the boundary between the phase where a pair
condensate is present, which can rotate, and the phase, where only pair vibrations appear. Now the
ratio between the coupling constants in the T = 1 and T = 0 Hamiltonians is a second control param-
eter, which is fixed by the angle γ, such that GIS = G sin γ and GIV = G cos γ. The radial coordinate
ρ = GΩ/D controls the overall strength of the pair correlations. The two axes XST correspond to pure
isovector (X01) and isoscalar (X10) Hamiltonians, respectively. Fig. 9 shows contours of the transfer
matrix element
〈
A = 24, T = 0|P †1 |A = 26, T = 1
〉
, between the respective lowest states. As seen in Fig.
4, the location of largest slope of this matrix element can be taken to separate the phase with an isovec-
tor pair condensate from the one without it, where isovector pair vibrations are present. This contour is
dashed Fig. 9. The contours for the isocalar transfer matrix element
〈
A = 24, T = 0|D†0|A = 26, T = 0
〉
are obtained by reflection of the displayed contours on the γ = 45◦ line. Only the contour is shown that
separates the isoscalar condensate from isoscalar pair vibration regime. The two boundaries delineate
four phases: weak pairing, only T = 0 and T = 1 pair vibrations exist (ISPV+IVPV), T = 1 con-
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Figure 10: Energies of the lowest states for
N = 4, 6, 8 in a single j shell as a function
of the relative mixture parameter x of the
isovector and isoscalar parts in the interac-
tion (15). This is the equivalent to Fig. 5 for
a `-shell.
Figure 11: Energies of the lowest states for
N = 2 in both isovector and isoscalar limits
as a function of the spin-orbit splitting.
densate combined with T = 0 pair vibrations (ISPV+IVPC), T = 0 condensate combined with T = 1
pair vibrations (ISPC+IVPV), and coexistence of the two condensates (ISPC+IVPC). Coexistence of
isovector and isocalar condensates appears only in a narrow region above ρ = 2, which widens as the
model approaches the limit of one degenerate shell, ρ → ∞. For the parameter combination A, the
spectrum shown in Fig. 2 of [12] is composed of near independent boson excitations of the two types
of pair vibrations. For the parameter combination B, the spectrum shown in Fig. 3 of [12] combines
isovector rotational bands built on intrinsic excitation of isovector type (∆ and Γ) and isoscalar pair
vibrations. The distinct appearance of isoscalar vibrational states at point B is expected to be restricted
to spherical nuclei around Z = N = 20, 28, because in open shell nuclei deformation tends to split
the single particle levels, which will cause a fragmentation of the collective isovector pair vibrational
states (see Sections 7 and 8). The spin-orbit splitting between the single particle levels reduces the
level density near the Fermi level, which attenuates both isovector and isoscalar pair correlations. This
corresponds to a move inwards in radial direction in Fig. 9. In addition, it attenuates the isoscalar
pairing matrix element, which corresponds to a move towards smaller γ in angle.
The two `-shell model discussed above accounts for the large spatial overlap of the nucleons wave
function in an L = 0 state and thus provides the best possible scenario to develop isoscalar correlations.
The spin-orbit splitting vls will increase the energy to form the S = 1 pairs and will then favor J = 1
pairs. A simple estimate gives an effective isoscalar pairing strength, Geff ≈ G0(1 − vls/2∆), that
becomes zero at A ≈ 20. It then seems interesting to consider the more realistic case of two j- shells,
which incorporates the more appropriate jj coupling scheme. The difference between the two `-shell
and two j-shell models have been discussed in terms of the mean field approximation by Be`s et al. [14],
who found differences in the region of coexisting phases.
Our approach to study this problem was to carry out a Shell Model calculation using a schematic
pairing force with two-body matrix elements of the form
VJT = xGδJ,0δT,1 + (1− x)GδJ,1δT,0 (15)
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Figure 12: Absolute value of the ratio of the T = 0, J = 1 to the T = 1, J = 0 pairing matrix elements
in the pf shell. The anomalously large ratio for the p21/2- p
2
1/2 matrix element beyond S waves is due to
the small T = 1, J = 0 pairing matrix element in this case. From [15].
to model the mixture of the two types of competing interactions, with x playing the same role as in the
case of a single `-shell.
We consider the two spin-orbit partners f7/2 and f5/2, and study the low-lying spectra of a partially
filled f7/2 shell as a function of the splitting vls. In the limit vls ≈ 0 we recover the results of the LS
coupling scheme. The results for vls >> G agree with those obtained for the f7/2 level only. Fig. 10 is
the equivalent to Fig. 5 for the single l- case. As expected from our initial arguments, one can readily
see the effect of the spin-orbit splitting in depressing the binding in the isoscalar limit. This is due
to the fact that an important part of the L = 0 pairing correlations in this channel is missing as the
spin-orbit partner is pushed to higher energies. This is clearly seen in Fig. 11 where the energy of the
ground states of the two-body system for both isovector and isoscalar limits are shown as function of
the spin-orbit splitting.
A detailed study of partial-wave contributions of nuclear forces to pairing in nuclei was presented
in [15]. The authors found that for T = 1, J = 0 pairing, partial waves beyond the standard 1S0 channel
play an important role for the pair formation in nuclei. The additional contributions are dominated
by a repulsive 3P1 partial wave, in particular the spin-triplet nuclear forces between paired nucleons
are influenced by the interplay of spin-orbit partners. As shown in Fig. 12, it appears that in-medium
nuclear forces favor T = 1, J = 0 over T = 0, J = 1 pairing, except in low-j orbitals, casting doubt
on the free-space motivation that suggests the formation of deuteron-like T = 0 pairs in N = Z nuclei.
In line with the results of the simple model above, this study confirms that the suppression of T = 0
pairing is because the 3S1 strength is distributed over spin-orbit partners and because of the repulsive
contributions of P and D waves.
2.2 Shell Model Calculations
As discussed in the preceding section for the schematic models, the strengths of the np pair correlations of
course depend on the strengths of the pertinent effective interactions, which are subject to considerable
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uncertainty. The detailed agreement of the Shell Model results with experiment suggests that the
isovector and isoscalar paring strength are realistic in the effective interactions used by the Shell Model.
In this section we review work in which the authors investigated the pair correlation strength predicted
by their Shell Model calculations, where we focus on the predicted correlation strength of the various
pairing modes. A second goal of the section is to provide some information about the various calculations
(Hamiltonian, configuration space, solution method). The implications of the calculations will then be
discussed in the subsequent sections. We will not address the question of how well the calculations
reproduce the spectroscopic data on individual nuclei.
2.2.1 Spherical potential
Engel et al. [16, 17], Langanke et al. [18–21], Dean et al. [22], Poves and Martinez-Pinedo [23], and
Martinez-Pinedo et al. [24] investigated the strength of np pair correlations by analyzing the results of
large-scale Shell Model calculations, for which there is a certain ambiguity in quantifying the correlation
strength, as none of the authors calculated the pair transfer amplitude, which is the most direct measure.
Refs. [16,17] used the pair counting operators (13), which are not a direct measure of the correlations.
They count the total number of pairs, which is different from zero in the uncorrelated system. A more
direct measure is provided by the modified pair counting operators
ΩN˜T=1µ = P †µPµ −
〈
0|P †µPµ|0
〉
, ΩN˜T=0 =
∑
µ
(
D†µDµ −
〈
0|D†µDµ|0
〉)
, (16)
where 〈0|...|0〉 denotes the expectation value in absence of the pair correlations. A simple estimate is
counting how many pairs of each type can be placed on a set of Ω twofold degenerate levels. Assuming
N ≥ Z one finds, respectively, N/2, (N − 1)/2 neutron pairs for even or odd N , Z/2, (Z − 1)/2 proton
pairs for even or odd Z, Z/2, (Z + 1)/2 np pairs of given T for even or odd Z. Refs. [18,20,21] used the
single particle occupation numbers of their Shell Model state for estimating 〈...〉0. Refs. [23,24] calculated
the expectation value with a Shell Model state belonging to a Hamiltonian with a quenched pair
interaction. Their ”switching off” procedure consisted in subtracting from the KB3 effective interaction
an isovector interaction of the form (1) or an isoscalar interaction of the form (8). The respective
coupling strengths GIV and GIS were determined by averaging the KB3 matrix elements in a procedure
described in [25].
The expectation value of the pair number operator can be expressed by the sum of the transfer
amplitudes by the completeness relations
〈0|ΩNT=1µ|0〉 =
∑
i
|〈0|P †µ|i〉|2, 〈0|ΩNT=0|0〉 =
∑
µ,i
|〈0|D†µ|i〉|2, (17)
where the sum runs over all states of the final nucleus. In case of pronounced pair correlations few
collectively enhanced amplitudes will contribute the major part. The contribution of the many other
states provides the background of uncorrelated pairs. If there is a substantial condensate present, the
transfer amplitude between the ground states dominates the sum.
Engel et al. investigated the relative strength of isovector pair correlations by means of the Shell
Model Monte Carlo (SMMC) method performed with the modified Kuo-Brown interaction KB3 within
the pf model space. Figs. 13 and 14 show the expectation values of the pair number operators (13).
The one-shell model 2.1.4 (O(5)) reproduces reasonably well the SMMC results when scaled by a factor
of 0.5. In the subsequent paper [17], the authors compared SMMC calculations for the Pairing plus
Quadrupole-Quadrupole (PQQ) Hamiltonian 2 with the results of the two-shell model of section 2.1.2.
They considered Ω1 = 4 Ω2 = 6 split by  = 10G, which is a realistic value for the spin-orbit splitting
2A variant of the PQQ Hamiltonian (18) without quadrupole pairing GM = 0 and replacing P
†
µ by A
1µ†
00 .
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Figure 13: The pair number operators
ΩNT=1µ for the Fe and Cr isotopes, as a func-
tion of N − Z = 2Tz. On the left are the
SMMC results, and on the right the single
shell (O(5)) results with Ω = 10 and scaled
by a factor of 0.5. Note that < ... > denote
expectation values of the operators (13) mul-
tiplied by Ω. From [16].
Figure 14: The pair number operators
ΩNT=1µ (13) for N = Z nuclei. The SMMC
results are connected by dashed lines and the
single-shell results (Ω = 10, scaled by 0.5) by
full lines. Note that < ... > denote expecta-
tion values of the operators (13) multiplied
by Ω. From [16].
between, respectively, the f7/2 shell and the rest of the pf shell. Taking into account the spin-orbit
splitting improved the agreement between the SMMC and the simple model and, in particular, no
scaling factor was no longer required (c.f. Fig. 2 of [17]). The value of the splitting for the considered
nuclei corresponds to y = G/Gc somewhat larger than one. As seen in Fig. 4, the transfer amplitude
(001)→ (111) is reduced by about a factor of 1.4, which corresponds to a reduction of the pair number
operators by about a factor of 2 (c.f section 2.3). Figs. 3 and 4 show that the decrease of y = G/Gc
essentially only reduces the scale, as long as it stays above the critical value of 1. This indicates that
the relative values are given by the ratios of isorotation. We will elaborate on this point in section 2.3.1.
Langanke et al. [18–21] investigated the pair correlations by means of the Shell Model Monte Carlo
(SMMC) method performed with the modified Kuo-Brown interaction KB3 and the PQQ interaction
within the fp model space. The results for the relative strength of the three isovector components
measured by the pair number operators are qualitatively the same as shown in Figs. 13 and 14. In
addition, they also estimated the strength of the isoscalar strength. Fig. 15 shows parts of their results.
The values of P J are somewhat differently defined than the expectation values of the pair counting
operators in Eq. (16), but the authors state that they obtained similar results by using them (”BCS
pair operators” in their terminology). The ”mean field” values in the figure correspond to 〈...〉0, and
the correlation strength is the difference between the two calculations. The isovector terms show the
discussed staggering between even-even and odd-odd N = Z nuclei. The isoscalar J = 1 correlations
are weaker than the isovector ones (J = 0). However, they are significant. This has also been found for
74Rb [22]. The isoscalar correlations become gradually weaker with the neutron excess N − Z.
Poves and Martinez-Pinedo [23] and Martinez-Pinedo et al. [24] also calculated the properties of the
A =46, 48, and 50 isobar chains by diagonalizing the KB3 interaction within the fp shell. Compared to
the SSMC approach, their use of the conventional Shell Model technique allowed them a state to state
comparison with experiment and to analyze the wave functions. Using their definition of correlation
strength, they found that the isovector strength is about 2 - 3 times stronger than the isoscalar strength
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Figure 15: Pairing correlations P J in the ground state of the N = Z nuclei with masses A = 48-60.
The full circles show the SMMC results, while the open circles are the mean-field values. P J=0tot gives the
sum of the three isovector pair correlations in the J = 0 channel. Note that P J=0pp = P
J=0
nn for N = Z
nuclei. From [20].
as long as T ≤ 2. The isoscalar strength is strongly reduced for T = 3 and zero for T ≥ 4.
Volya and Zelevinsky [26] studied the appearance of an isoscalar pair condensate in 24Mg. The carried
out Shell Model calculations in the sd shell using the Brown-Wildenthal interaction [27], which very well
reproduces the spectroscopic data on the sd shell nuclei. They multiplied the matrix elements generating
the isovector and isoscalar pair correlations by two scaling factors, respectively. They analyzed the Shell
Model states by calculating the Invariant Correlation Entropy (ICE), which is a measure of how sensitive
the state is to changes of the control parameters. The maxima of ICE indicate the critical cross-over
from the unpaired to the paired regime (see discussion in Section 2.1). The analysis indicated that the
ground state of 24Mg is located in the cross-over region between the isovector pair vibrational and pair
rotational regimes on the side of the condensate. The isoscalar pair correlations turned out to be weak.
The authors had to increase the isoscalar pair matrix elements by a factor of three compared to the
realistic interaction in order to cross over into the regime with an isoscalar condensate.
Stoicheva et al. [28] diagonalized the FDP6 effective interaction within the sdfp space. Qi et al. [29]
performed standard shell model calculations based on the effective interaction of Lisetzkiy et al. [30]
within the f5/2, p3/2, p1/2, g9/2 model space. Coraggio et al [31] diagonalized a realistic low-momentum
two-body effective interaction derived from the CD-Bonn nucleon-nucleon potential in the g9/2 model
space. Zerguine and Van Isacker [32] investigated several effective interactions within the g9/2 model
space. The results of these studies, which aimed at rotational excitations, will be discussed in Section
4.
Hasegawa and Kaneko et al. [33–49] systematically studied N ≈ Z nuclei in the regions 44 ≤ A ≤ 74
and 88 ≤ A ≤ 96. They diagonalized the Extended Paring plus Quadrupole - Quadrupole (EPQQ)
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Hamiltonian in various model spaces with manageable dimensions constructed from the spfg orbitals.
EPQQ is an extension of the Paring plus Quadrupole-Quadrupole (PQQ) Hamiltonian
HPQQ =
∑
j
εjNˆ(j)−GM
1∑
µ=−1
P †µPµ −GQ
2,1∑
ν=−2,µ=−1
P †2νµP2νµ −
κ
2
2∑
ν=−2
Q†νQν , (18)
which is defined by the J = 0, T = 1 monopole pair operators P †µ introduced in Eq. (2) ,
the J = 2, T = 1 quadrupole pair operators (cf. Eq. (41))
P †2νµ =
∑
j,j′
〈
j||r2Y2||j′
〉
A1µ†2µ , (19)
and the isoscalar quadrupole operators
Q†ν =
∑
jm,j′m′
〈
jm|r2Y2ν |j′m′
〉 (
n†jmnj′m′ + p
†
jmpj′m′
)
. (20)
The EPQQ [34] takes an additional isoscalar interaction into account. It is composed of T = 0, J = odd
pairs, which contribute with equal weight,
HEPQQ = HPQQ − k0
∑
J=odd,ν
A00†Jν A
00
Jν . (21)
They diagonalized the interaction within the model spaces p3/2, p1/2, f7/2 for 44 ≤ A ≤ 56,
d5/2, p1/2,f5/2, g9/2 for 56 ≤ A ≤ 74, and p3/2, p1/2,f5/2, g9/2 for 88 ≤ A ≤ 94. In the course of their
extended studies, the authors refined their Hamiltonian by adding an Octupole-Octupole interaction
and an isoscalar monopole term. They achieved a good description of the spectroscopy of the N ≈ Z
nuclei. In Ref. [33] they calculated the expectation values of the isovector pair number operators, which
qualitatively agree with Figs. 13 and 14. However, the authors pointed out that their special isoscalar
interaction (21) does not generate isoscalar pair correlations. In this respect it has the character of a
diagonal matrix, which just modifies the energies but not the states. This is at variance with the above
discussed results of other authors, who use a different interaction. It may be taken as some warning that
a good description of the spectroscopic data does not guarantee that the pair correlations are correctly
accounted for. The results of these authors will be further discussed in Sections 3 and 4.
Aroua et al. [50] studied high-lying 1+ states in 8,104 Be4,6 and
20,22
10 Ne10,12, which are excited from
the ground state by the ∆T = 1 orbital M1 operator (∝ (~lν − ~lpi)). They diagonalized the PQQ
Hamiltonian (18) with GQ = 0 within the configuration space of the p3/2 and p1/2 shells. Excitations
of this type in N > Z nuclides are interpreted as the ”scissors mode” of deformed nuclei or as ”mixed
symmetry” excitations of spherical nuclei (see the review article [51]). The summed M1 strength of these
excitations increases with the degree of collectivity of the quadrupole modes (isoscalar and isovector)
in these nuclides. Aroua et al. point out for N ≈ Z that a) M1 strength is zero when the isovector np
pair correlations are absent, and b) it approaches a constant small value when the coupling strength
of the QQ interaction κ → 0. It would be interesting to include an isoscalar interaction with realistic
strength in order to see if the M1 strength contains complementary information about the competition
between isoscalar and isovector np pair correlations.
2.2.2 Deformed potential
Frauendorf, Rowley, Sheikh, and Wyss [52–56] diagonalized the Hamiltonian
HQP = −4κq20 −Gδ(~r1 − ~r2)− ωjx (22)
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within the configuration space of protons and neutrons in an f7/2 shell. The quadrupole term 4κq20
induces the energy splitting of the j-shell by the axial average potential, where their choice of κ corre-
sponded to a deformation of β=0.16. The pair correlations are generated by the δ-interaction, which
fixes the relative strength of the isovector and isoscalar interaction. The angular momentum dependence
of the spectrum was investigated by means of the cranking term ωjx, which will be discussed in Section
4. The authors compared the spectra obtained with the full interaction Gδ with the ones obtained
with the isovector model interaction represented by the T = 1, J = 0 multipole of the same interaction
Gδ. The results turned out to be very similar, which indicates that the isovector pair correlations
determine the structure of the rotational spectra. The re-coupling from `s-orbitals to j-orbitals, which
is a consequence of the spin-orbit potential, substantially attenuates the isoscalar pair correlations (see
Fig. 10). This work focused on the influence of the pair correlations on the rotational response and will
be discussed in Section 4.
Bentley and Frauendorf [57] studied the competition between isovector and isoscalar pairing starting
from a set of single particle energies k in a Nilsson potential, at a deformation calculated by means
of the Micro-Macro (Strutinsky) method, and diagonalized the Hamiltonian in a basis generated by all
configurations within the seven single particle states closest to the Fermi level. They used an isospin
invariant model Hamiltonian
HP =
∑
k
kNˆk −GIV
∑
kk′,τ
Pˆ †k,τ Pˆk′,τ −GIS
∑
kk′
D†kD
′
k +
κ
2
~T · ~T , (23)
Nˆk = pˆ
†
kpˆk + pˆ
†
k¯
pˆk¯ + nˆ
†
knˆk + nˆ
†
k¯
nˆk¯, (24)
Pˆ †k,0 =
1√
2
(
nˆ†kpˆ
†
k¯
+ pˆ†knˆ
†
k¯
)
, Pˆ †k,−1 = pˆ
†
kpˆ
†
k¯
, and Pˆ †k,1 = nˆ
†
knˆ
†
k¯
, (25)
D†k =
1√
2
(
nˆ†kpˆ
†
k¯
− pˆ†knˆ†k¯
)
, (26)
where pˆ†k and nˆ
†
k create a proton and a neutron, respectively, on the level k, and k¯ denotes the time
reversed state of k. The isoscalar interaction involves np pairs in time reversed deformed orbitals. We
will refer to this kind of np correlations as np¯ pairing (c.f. Section 2.4). 3 The model parameter GIV
and C = κ/2 were adjusted to the energy differences of N = Z odd-odd nuclei relative to their N = Z
even-even neighbors and to the energy difference between the T = 0 and T = 1 states in the odd-odd
N = Z nuclei. Investigating different ratios between the isovector and isoscalar interaction strength,
they found that the experimental data could be equally well reproduced for 0 ≤ GIS/GIV ≤ 0.5.
For larger ratios the agreement deteriorated, and for GIS ≥ GIV no reasonable fit was possible. The
investigation focused on the Wigner energy. The relevant results will be discussed in Section 3 that is
devoted to it.
2.3 Significance of the mean field solution
This section is devoted to the interpretation of the mean field results for isovector pairing. The fact
that the isovector pair field spontaneously breaks isospin symmetry leads us to consider the collective
rotation in isospace of an intrinsic state represented by the mean field solution. It seems to us that
this concept is often overlooked in the literature, and therefore should be discussed in some detail
here. Refs. [53,55,58–63] studied the consequences of spontaneous symmetry breaking by the isovector
condensate in the general frame of the HFB mean field approach. The essential arguments can be
most simply conveyed for the isovector pair Hamiltonian (1). In analogy to the deformed nuclear
3In keeping with theoretical references in the literature, here and where necessary for clarity, we explicitly introduce
the forms nn¯, pp¯ and np¯ to indicate pairs in time reversal orbits. This is to distinguish from isoscalar np pairs in the
same orbits. However, throughout most of the article, the generic forms nn, pp and np are used.
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potential, the pair field ∆µ, which is the expectation value
〈
GP †µ
〉
with respect to the HFB vacuum
state, represents the condensate. The pair field is a vector in isospace, which breaks the isotropy. Since
the Hamiltonian is isospin invariant, all directions ~∆ have the same mean field energy [58,59]. Ginocchio
and Weneser [60] pointed out that the different directions of ~∆, which correspond to different values
of mean value of 〈Tz〉, represent the members of the isospin multiplet T . If ~∆ is parallel to the y-axis,
there are only nn and pp pairs and 〈Tz〉 takes its maximal value, if parallel to the z-axis, there are
only np pairs and 〈Tz〉 = 0. Considering only the mean values is not sufficient. The isovector pair field
breaks the isotropy in isospace like the the deformed nuclear potential breaks the spatial isotropy, which
gives rise to rotational bands and collective vibrational excitations. This far reaching analogy suggests
that one should employ the familiar concept of ”collective” motion of the pair field ~∆ and ”intrinsic”
excitations, which are constructed as configurations of quasiparticles that belong to the mean field
Hamiltonian.
2.3.1 Collective motion of the isovector pair field
The mean field approximation for the isovector pair Hamiltonian (1) takes the form
hmf =
∑
j
εjNˆ(j)−G
∑
µ
(
∆µP
†
µ + ∆
∗
µPµ
)
− λpZˆ − λnNˆ , Zˆ =
∑
j
Nˆp(j), Nˆ =
∑
j
Nˆp(j), (27)
where λp,n control the particle numbers such that
〈∑
j Nˆp,n(j)
〉
= Z,N . If there is a strong isovector
condensate one can replace the operators by their expectation values. The relative strength of the three
types of isovector pair correlations is essentially of rotational nature Fig. 16 illustrates the concept for
the special case N = Z. Choosing the z-direction (only np pairing) as the intrinsic z-axis, the pair field
has the projection KT = 0 and the magnitude p = ∆/G. The pair field in the laboratory system is then
P †µ = D
1
µ0(Φ,Θ)p. (28)
The T = 0 state is isotropic, the numbers of the three types of correlated pair are equal to ΩN˜µ = p2/3.
The T = 1 states of the axial isorotor Hamiltonian are D1∗MT 0(Φ,Θ) (not normalized). The odd-odd
N = Z nuclei (T = 1,MT = 0) have strong np and weaker nn and pp correlations because d
1
00 = cos(Θ).
The even-even N + 1 = Z − 1 nuclei (T = 1,MT = 1) have strong nn, pp and weaker np correlations
because d1±10 = ∓ sin(Θ)/2. Evaluating the expectation values, one finds ΩN˜pp = ΩN˜pp = p21/5, p22/5
and ΩN˜pn = p23/5, p22/5 for T = 1,MT = 0 and T = 1,MT = 1, respectively. The ratios between the
fractions are not far from the ones for the single shell model (c.f. Fig. 17), which fairly well account for
the ratios of the SMMC (c.f. Fig.14).
Dussel et al. [64, 65] generalized the concept of the rotating isovector pair field to a dynamic pair
field. They introduced a collective Hamiltonian in analogy to the Bohr Hamiltonian for the quadrupole
shape degree of freedom, which allowed them to describe both the rotational and the vibrational regimes
and the cross-over between them. The behavior of the energies and transition matrix elements of the
discussed two-shell model [7, 65] were explained in detail by deriving the potential for the pair degrees
of freedom from the mean field solution, where Ref. [7] studied the approximate solutions of the pair
vibrational type and the isorotational type and Ref. [65] found numerical solutions for full collective
Hamiltonian. For example, the reduction of the matrix element for the (111) → (002) state in Fig.
4 is understood as a change of the (002) state from a two-phonon pairing vibration to an intrinsic ∆
vibration when crossing over to the isorotational regime y >> 1. To our knowledge, these types of full
solutions have not been compared with data from realistic nuclei.
2.3.2 Intrinsic configurations
Frauendorf and Sheikh [53, 55, 62] further explored the analogy with collective and intrinsic states of
the shape degrees of freedom. They suggested that the quasiparticle configurations that belong to the
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Figure 16: The family of mean field solu-
tions (27) belonging to the the isovector pair
Hamiltonian (1). All orientations of ~∆ have
the same energy. The fractions of pp, nn ,
and np pairs change with orientation. The
special cases of no np pairing and pure np
pairing are indicated. The absolute value
|~∆| = √2∆nn =
√
2∆nn = ∆pn. From [53].
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Figure 17: The number of correlated isovec-
tor pairs Mc = ΩN˜T=1µ (16) in N = Z nuclei
for M nucleon pairs in a j-shell of degener-
acy Ω = 10. The expressions for the O(5)
taken from [16] are denoted by O5, and the
expressions for the isospin rotor discussed in
the text are denoted by IR.
mean field Hamiltonian (27) are intrinsic states upon each of which an isorotational band is built. As in
the case of spatial rotation, E(T ) = Eint + T (T + 1)/2θ. The spectrum of intrinsic excitation does not
depend on the direction of ~∆. They suggested using the direction of the y-axis as the most convenient
choice, because the np pair field is zero, which naturally extends the familiar description of pairing in
N >> Z nuclei. The moment of inertia θ can be calculated by means of isocranking (see 2.3.3) or can be
taken from the experimental symmetry energy. A detailed discussion of constructing the quasiparticle
configurations is given in [53]. The symmetries of the intrinsic states and their consequence for spatial
and isotopic rotation are discussed in [55,62]. As will be discussed in section 4, this approach provides
a description of the excitation spectra in nuclides with N ≈ Z, which is as good as for nuclides with
N > Z.
2.3.3 Isocranking
The appearance of isorotational sequences is a necessary consequence of the presence of an isovector pair
condensate. However, isorotational bands also emerge as a consequence of breaking isorotational invari-
ance by the nuclear potential. The separation between intrinsic and isorotational degrees of freedom is
only approximate and will deteriorate with increasing T . As for spatial rotation, the modification of
the intrinsic quasiparticle states by isorotation can be described in a semiclassical way by the cranking
approach, which amounts to finding the mean field solution under the constrain that the projection of
T is fixed. The natural choice is the z-axis because only states with T not much larger than Tz are
of relevance. With this choice, isocranking corresponds to the standard particle number constraint of
mean field Hamiltonian (27), because −λpZˆ−λnNˆ = −λAˆ−ωTz with λ = (λp+λn)/2 and ω = λn−λp.
It is important to note that as soon as ω is finite, the isovector pair field will be ∆p 6= ∆n 6= 0 and
∆np = 0. For ω = 0 all directions of ~∆ are solutions, and the direction found may depend on the details
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Figure 18: The number of correlated isovec-
tor pairs Mc = ΩN˜T=1µ (16) in the isobaric
chain with M = 8 nucleon pairs in a j-shell
of degeneracy Ω = 10. The expressions for
the SO(5) taken from [16] are labelled by O5.
The expressions for the mean field values dis-
cussed in the text are labelled by MF. SUM
denotes the sum of the components, which is
the same for SO(5) and MF.
Figure 19: The average pair gap ∆¯ forN = Z
nuclei obtained by HFB calculations using
the KB3 effective interaction and three dif-
ferent sets of spherical single particle levels
labelled by 57Ni, Nilsson, KFP (see text).
The numbers indicate the isospin of the pair
field, where 0+1 means that the isovector
and isoscalar pair fields coexist. The T = 0
field is of np type. Only for A = 44 it is pn¯.
From [78].
of how the calculation is implemented. This however does not mean that the np correlations are absent.
They emerge via the quantal fluctuations of the direction of the pair field, which are neglected in the
cranking approach.
Fig. 18 illustrates the situation for the one j-shell model. The mean field expressions
ΩN˜MFpp,nn =
〈
BCS|P †∓P∓|BCS
〉
−
〈
0|P †∓P∓|0
〉
= Ω(M ∓ T )(1− (M ∓ T )/2Ω) (29)
are given in textbooks. The mean field correlation energy −GΩ
(
N˜MFpp + N˜MFnn
)
is equal to the exact
correlation energy −GΩ∑µ N˜µ. Hence, the mean field approximation gives the correct correlation
energy even though it has no np component. Isorotation of the pair field redistributes the correlation
strength in moving it from the like particle fractions into the np fraction. Fig. 17 shows that the
redistribution is well accounted for by an axial isorotor if T=0, 1. For larger T values the assumption
of axiality is no longer a good approximation. The wave functions for the triaxial rotor, which depend
on the relative values of the moments of inertia, are not available.
Satu la and Wyss [63, 66] analyzed cranking about the x-axis in isospace, which due to isospin in-
variance is equivalent to cranking about the z-axis, however connects less directly with the standard
mean field treatment of pair correlations by means of the Hamiltonian (27). G lowacz et al. [61] consid-
ered cranking about an axis of arbitrary direction in isospace, and worked out in detail the mean field
solutions for different orientations of the pair field.
2.3.4 QRPA corrections
The one j-shell model captures the main features of the general situation. In the case of strong isovector
correlations, the standard mean field solution without the np pair field already gives the total correlation
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Figure 20: The ratio of the isoscalar and
isovector pair correlation energies for spher-
ical N = Z nuclei assuming a ratio 3:2
for the respective interaction strengths and
a Woods-Saxon spin-orbit potential. From
[79].
Figure 21: Competition between isoscalar
and isovector pairing in heavy, very proton-
rich spherical nuclei, assuming a ratio 3:2
for the respective interaction strengths and
a Woods-Saxon spin-orbit potential. Green:
Isovector condensate, red: isocalar conden-
sate, blue: coexistence of both condensates.
From [80].
energy. In realistic nuclei with a finite level spacing there is an additional contribution from the
zero point fluctuations of the pair field about its mean values. Due to the small number of valence
particles/holes in the medium mass nuclei of relevance, one expects strong fluctuations of the pair
fields around their mean values. These fluctuations enhance the pair correlation strength substantially.
Hence the mean field values should be considered as a lower limit of the actual correlation strength.
The fluctuations were studied by Ginocchio and Weneser [60] and Neergard [67–69] in the framework
of the Quasiparticle Random Phase Approximation (QRPA). The main correction to the ground state
energy was found to be generated by the QRPA spurious mode ∝ T+, which appears as a consequence
of breaking the isospin symmetry by the isovector mean pair field. Its contribution changes the ground
state energy from the isocranking value 〈Tz〉2 /2θ to 〈Tz〉 (〈Tz〉 + 1)/2θ. This correction is taken into
account by using the constrain 〈Tz〉 =
√
T (T + 1) in the isocranking prescription. Neergard also studied
the contributions of the other QRPA modes, and obtained a T (T + X)/2 dependence of the ground
state energies on isospin, with X slightly larger than 1, the value for rigid isorotation.
In order to calculate physical quantities that are sensitive to the relative fractions of the three types
of pair correlations one needs the know the collective wave function of the pair field. QRPA should give
reliable results for large enough isospin. For T = 0, 1 it gives a reliable estimate of the total fluctuation-
induced correlation energy, however it may become problematic for estimating physical quantities that
are sensitive to differences between the three types of pair fields. The comparison with the large-scale
Shell Model calculations (cf. Sect. 2.2) and the two j-shell model (cf. Sec. 2.1.2) shows that the ratios
between the fractions are relatively well reproduced by the SO(5) ratios of the one j-shell model if there
is a strong isovector condensate. One may combine the estimate for the total correlation strength with
these well known ratios for a reliable estimate.
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Table 1: The calculations for N > Z nuclei by Wolter et al. [75]. From [76].
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Table 2: The calculations for N = Z (44Ti, 48Cr) and N > Z nuclei by Wolter et al. [75]. From [76]
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Table 3: The table summarizes calculations for N = Z nuclei by Goodman et al. taken from various
papers. From [76]
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2.4 Mean field calculations
Neutron-Proton pairing has been extensively studied in the framework of the Hartree-Fock-Boguljubov
(HFB) theory. At the early stage, it was the method of choice because it was computationally fea-
sible. Nowadays, when beyond-mean field approaches have become numerically tractable, it has re-
tained its value. The HFB solution represents the natural extension of the macroscopic superconduct-
ing/superfluid state when the number of active particles becomes small. In this sense the presence or
absence of a HFB pair field constitutes a demarkation line between the regimes with or without a pair
condensate. The beyond-mean field corrections induce fluctuations of the pair field, which wash out this
border line. As pointed out before, we think that this is the appropriate way to address the question:
”Is there np pairing?” In the Subsection 2.4.3 we review the results of HFB calculations that were based
on a realistic nuclear potential and pair interaction. In particular the role of the spin-orbit coupling in
suppressing the isoscalar pairing will be discussed. The HFB solutions are the starting point of various
beyond-mean field approaches to be discussed in Section 2.5.
Goswami [70], Camiz, Covello and Jean [58,59], and Ginocchio and Weneser [60] extended the HFB
theory by including the isovector np pair field. Goswami and Kisslinger [71] worked out the HFB
equations for the case of a pure isoscalar pair field. Chen and Goswami [72] and Goodman, Struble,
and Goswami [73] extended the theory to coexisting T = 0 and T = 1 pair fields with the restriction
to N = Z nuclei. Wolter, Faessler and Sauer [74, 75] developed the full HFB scheme without any
restriction on the pair fields and the N and Z values. This pioneering and the subsequent work through
1979 have been thoroughly reviewed by Goodman [76].
In order to keep this review sufficiently self-contained, we start with Subsection 2.4.1 that introduces
the HFB theory applied to the case of np pairing. We follow Wolter, Faessler, and Sauer [75], who
considered the isovector and deuteron-like isoscalar pairs discussed for the schematic models above.
Goodman et al. [77] extended the theory to include isoscalar pairs with the proton and neutron in
identical orbitals, which they called αα or np pairs in order to distinguish them from the deuteron-like
pairs, which they called αα¯ or np¯ pairs. As it will be discussed in Section 4.3.2, we do not consider
correlations of the np (αα) type as candidates for an isoscalar pair condensate. For this reason we
restrict the presentation of the HFB theory to the case of np¯ pairing. The more general version is
well described in Goodman’s paper [78]. Subsection 2.4.2 connects the general HFB scheme with the
schematic models discussed in Section 2.1.
2.4.1 HFB Theory
The pair fields that are taken into account by the HFB theory are determined by the Bogoliubov
transformation, which relates the nucleon creation operators c†k to the quasiparticle creation operators
a†α,
a†α =
∑
k>0
(
A∗αkc
†
k −B∗αkck¯
)
. (30)
Proton and neutron operators are not explicitly distinguished. The index k contains the isospin projec-
tions as well. Time reversal symmetry of the single particle orbitals is assumed. The summation k > 0
runs over one of each time reversed orbitals (for example m > 0 for orbitals in a spherical potential).
The other orbital, denoted by k¯, is explicitly taken into account. Introducing column vectors c† ≡
(
c†k
)
,
c¯ ≡ (ck¯), a† ≡
(
a†α
)
, and a¯ ≡ (aα¯), the Bogoliubov transformation can be written in compact form by
means of the transformation matrix X,
(
a†
a¯
)
=
(
A∗ −B∗
B∗ A∗
)(
c†
c¯
)
≡ X
(
c†
c¯
)
. (31)
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The HFB equation, which determine X, are given by
Hmf
(
A∗α
B∗α
)
=
(
h −∆
−∆ −h
)(
A∗α
B∗α
)
= Eα
(
A∗α
B∗α
)
, (32)
where the quasiparticle amplitudes are arranged in column vectors A∗α = (A
∗
αk) and B
∗
α = (B
∗
αk). The
HF Hamiltonian h and the HF potential Γ are defined as
hkl = Tkl − λpδkl − λnδkl + Γkl, Γkl =
∑
m,n
Vkm,lnρmn, (33)
where T is the kinetic energy, λp and λn are the chemical potentials controlling 〈Z〉 and 〈N〉, V is the
antisymmetrized effective nucleon-nucleon interaction, and ρ is the density matrix
ρkl = 〈c†l ck〉, ρ = B†B. (34)
The pair potential ∆ and the pairing tensor κ (pair field) are given by
∆kl¯ =
∑
m>0,n>0
Vkl¯,m¯nκnm¯, κkl¯ = 〈ckcl¯〉, κ = −A†B = −B†A (35)
and the total energy by
E =
∑
kl
(
hklρkl − 1
2
Γklρkl +
1
2
∆kl¯κkl¯
)
. (36)
The Bogoliubov matrix can be decomposed into a product of three subsequent transformations, X =
RBD. The first, D, transforms to the canonical single particle basis, which diagonalizes density matrix
ρ and the pairing tensor κ,
b†µ =
∑
k
Dµkc
†
k, ρµµ′ = ρµδµµ′ , κµ¯µ′ = κµδµµ′ . (37)
The B transformation, which is a special Bogoliubov transformation as used in the BCS theory, consists
of 2x2 blocks for each µ, (
b†µ
bµ¯
)
=
(
uµ −vµ
vµ uµ
)(
d†µ
dµ¯
)
. (38)
The final transformation R diagonalizes the mean field Hamiltonian Hmf ,
a†α =
∑
µ
Rαµb
†
µ, Hmf = δαα′
(
Eα 0
0 −Eα
)
. (39)
The quasiparticle vacuum takes the simple BCS form when expressed by the creation operators of the
canonical basis,
|0〉 = ∏
µ
(
uµ + vµd
†
µd
†
µ¯
)
|00〉, aα|0〉 = 0, aα¯|0〉 = 0. (40)
Finally, we specify the isospin of the pair fields,
ATMT †
kk¯′ =
∑
ττ ′
〈
1
2
τ
1
2
τ ′|TMT
〉
c†k,τc
†
k¯′,τ ′ , κ
TMT
kl¯
= 〈ATMT †
kl¯
〉, ∆TMT
kl¯
=
∑
m>0,n>0
V Tkl¯,m¯nκ
TMT
nm¯ . (41)
The HFB equations in this most general form allow coexistence of all T,MT fields. In solving, only
special combinations are needed.
i. Pure isoscalar pair field ∆0, which is the ”isopairing” introduced in Ref. [71].
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ii. Pure isovector pair fields ∆1µ, which was introduced in Refs. [58,59,70]. For N 6= Z the solution
has always ∆10 = 0 , no np pair field. As discussed, for N = Z isobaric invariance leads to
infinite many equivalent solutions that are related by rotation in isospace. Two of them are ∆10,
∆1±1 = 0, pure isovector np pairing, and ∆10 = 0, ∆11 = ∆1−1, no np pair field.
iii. Coexistence of ∆11, ∆1−1, ∆0, where ∆10 = 0, for all combinations of Nand Z.
iv. Coexistence of ∆10, ∆0 for N = Z, which is the ”generalized pairing theory” of Refs. [72,73]. Since
∆0 is isorotational invariant, this solution represents only one of the infinite many generated by
rotation in isospace. One of these is ∆11 = ∆1−1, ∆0, where ∆10 = 0, which is a special case of
iii) for N = Z.
Case i) is realized with a real field. There are infinite many solution generated by the gauge rotation
exp(−iφAˆ), which multiplies the field with the phase exp(−2iφ). Case ii) is realized with two real fields.
This solution corresponds to the isovector field lying in the x-y plane, where the angle with the x-axis
determines the ratio ∆11/∆1−1. There are additional solutions by rotation about the z-axis in isospace
and gauge rotation. For cases iii) and iv) one has to invoke complex pair fields. One solution is realized
by real isovector fields and the isoscalar field imaginary. As for case ii), there are additional solutions
by rotation about the z-axis in isospace and gauge rotation. The only remaining type of solution is the
possiblity that the isovector field of N 6= Z nuclei has a z-component as well, i.e. all three isovector
components are finite. All calculations so far have found ∆10 = 0 for N 6= Z. Assuming that this is a
general property of nuclear pairing, it is sufficient to consider case iv), which includes i), ii), and iv) as
special cases. Then the Bogoliubov transformation to the quasiparticles has the following form [75]
a†α1 =
∑
k>0
(
Aα1,pkc
†
pk − iAα1,nkc†nk −Bα1,pkcpk¯ + iBα1,nkcnk¯
)
, (42)
a†α2 =
∑
k>0
(
−iAα2,pkc†pk + Aα2,nkc†nk + iBα2,pkcpk¯ −Bα2,nkcnk¯
)
, (43)
where the coefficients are real. This reduces the dimension of the HFB problem. The numerical solutions
are either found in the traditional way by iterating Eqs. (32-35) or by numerically minimizing the HFB
energy (36) with respect the coefficients A and B by means of the Steepest Gradient Method [79,80].
2.4.2 Schematic models
For completeness we apply the general HFB scheme to the above discussed schematic models:
Isovector pairing
The model is given by the Hamiltonian (1) One can consider the proton and neutron parts separately.
This leads to the standard BCS scheme for the protons,
V 1pk,pl¯,pm¯,n = −Gδklδmn, κkl¯ = δklukvk, (44)
Epk =
√
(εpk − λp)2 + ∆2p, ukvk =
1√
2
(
1± εpk − λp
Epk
)
. (45)
The pair field ∆p and the chemical potential λp are determined by the gap equation and the particle
number equation, respectively,
1
G
=
∑
pk>0
1
Epk
, Z = 2
∑
pk>0
v2k. (46)
The neutron scheme is analogous.
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For the considered case of two shells of degeneracy Ω = j + 1/2, ε1,2 = ±D/2, and Z = 2Ω, one has
λ = 0. The gap equation becomes
1
G
= Ω
1
E
, E =
√(
D
2
)2
+ ∆2, ⇒ ∆ = 1
2
√
(2GΩ)2 −D2. (47)
Isoscalar pairing
The model is given by the Hamiltonian (8). It suffices to consider one of the spin projections, i. e.
Sz = 0. For N = Z the the HFB equations take the same form as Eqs. (45, 53) if one drops the p (for
proton) in the labels for the single particle states, which now denote the identical proton and neutron
states.
Isoscalar and isovector pairing for a `-shell [10]
The model is given by combining the Hamiltonians (8) and (1) and considering one `-shell of degener-
acy Ω. The structure of the HFB density matrix and pairing tensor is described in [10]. In accordance
with the considerations in the preceding section, the HFB solutions are of type iii). The two densities
ρn = N/2Ω and ρp = Z/2Ω are fixed by the particle numbers. The energy is expressed in terms of these
two densities and the three pair fields κ0, κ11. and κ1−1, which are found by numerically minimizing
the energy. The minimization is constraint by additional relations, which account for the unitarity of
the Bogoliubov transformation.
Isoscalar pairing for a j-shell [71]
The spin-orbit potential enforces jj coupling. Therefore it is relevant to consider isoscalar pair correla-
tions in an axially deformed j-shell described by the Hamiltonian
H =
∑
m
εmNˆ(m)−G′
∑
µ
D†µDµ, (48)
which is defined by the J = 1, T = 0 pair operators
D†µ =
1√
2
∑
m
√
j + 1/2 〈jm, jµ−m|1µ〉
(
n†jmp
†
jµ−m − p†jmn†jµ−m
)
=
∑
j
√
j + 1/2A00†1µ (j, j) (49)
and the number operators
Nˆ(m) =
∑
m
(
p†jmpjm + n
†
jmnjm
)
, (50)
where p†jm creates a proton and n
†
jm a neutron with angular momentum j. Consider the case µ = 0 and
abbreviate ∆001µ = ∆. Using
√
j + 1/2 〈jm, j −m|10〉 ∝ (−)j−mm, the HFB equations take the form
V 0k,pl¯,m¯,n = −Gδklδmn(−)k+mkm, κkl¯ = δklukvk, (51)
Ek =
√
(εk − λ)2 + (k∆)2, ukvk =
1√
2
(
1± εk − λ
Ek
)
. (52)
The pair field ∆ and the chemical potential λ are determined by the gap equation and the particle
number equation, respectively,
1
G
=
∑
k>0
k
Ek
, A = 4
∑
k>0
v2k. (53)
The pair potential ∆k = k∆ depends strongly on the angular momentum projection projection k. For
the case of a spherical, degenerate, half filled j-shell, the quasiparticle energies become Ek = k∆. The
energy of the lowest two-quasiparticle state will be reduced by the factor ∼ 2/j compared to the average
two-quasiparticle energy of j∆.
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2.4.3 Results
The nuclei with A < 50 and N, Z even have been studied in framework of the HFB approximation
starting from realistic effective nucleon-nucleon interactions. These early studies assumed that the
T = 1 and T = 0 pair modes are mutually exclusive, i.e. the HFB calculations were carried out
allowing only either isovector or isoscalar pair fields being present. The early work was thoroughly
reviewed by Goodman in Ref. [76]. The results for even-even nuclides are summarized in Tab. 1-3,
taken from his review. Most N = Z nuclei have an np¯ isoscalar pair field in the ground state. They
have excited HFB solutions, which belong to different shape and have isovector pair fields or do not show
pair correlations. The nuclei with N > Z have isovector pair fields. As expected from the preceding
discussions, the HFB calculations give the like-particle pair fields for nuclei with Tz > 0 and for excited
T = 1 solutions in N = Z nuclei. One exceptions is 24Mg. In the ground state, it has correlations of the
np type and a triaxial shape. Only slightly higher, there is a prolate np¯ solution. The other exception is
44Ti, which has an unpaired solution lightly below an isoscalar np¯ solution. Summarizing, all even-even
N = Z nuclei have an isoscalar pair field in the ground state or in a state only few 100 KeV above it.
After a break of two decades, advances of the experimental techniques brought heavier N = Z
nuclei within the reach of measurements, and initiated mean field studies of the nuclei with A up to
100 alongside with the above discussed Shell Model studies. Goodman [78, 81, 82] carried out HFB
calculations for N = Z nuclei with 76 ≤ A ≤ 96 based on the KB3 interaction used for SMMC. He took
into account the possibility of coexisting np¯, isovector and np¯ isoscalar pair fields and, in addition, their
coexistence with np isoscalar pair correlations between particles in identical orbitals. The generalization
of the HFB equations compared to Section 2.4.1 and Ref. [76] are described in Ref. [78]. The results
are summarized in Fig. 19. The displayed average pair gap ∆¯ is a measure of total strength of the
pair field, where its type is indicated. (∆¯ is the average of the diagonal matrix elements of the pair
potential in the canonical single particle basis (see Ref. [78]). The results depend somewhat on the
choice between three different sets of single particle levels. On the whole, there is a development from
isovector pairing for A =76, 80 to np pair correlation for A =92, and 96 with coexistence of the two
types for A =84, 86. Combining this with the early results for the lighter nuclides, one concludes that
the HFB calculations based on realistic effective interactions indicate for the ground states of even-even
N = Z nuclei pn¯ isocalar pairing below A =52, a change to isovector pairing between A=52 and 76 (no
calculations) and a further change to np correlations around A = 84, 88, which are fully established for
A =92, 96. No comparable HFB calculations for odd-odd N = Z nuclei have come to our attention.
Such studies should provide essential clues to what extend the HFB results for the even-even N = Z
can be taken as evidence for the existence of an isoscalar pair condensate.
Goodman studied the rotational properties of 80Zr by including a cranking term −ωjx and allowing
for time odd components in the mean field [82]. Terasaki et al. [83] carried out an analogous study of
48Cr based on the Skyrme energy density functional combined with a zero-range interaction accounting
for the pairing. Both investigations will be discussed in Section 4.
Bertsch and Luo [79] investigated the competition between isoscalar (np¯) and isovector pairing in
spherical N = Z nuclides on a large mass range. They used a spherical Woods-Saxon potential and a
zero-range interaction. The strength in the isoscalar channel was taken 3/2 times the strength in the
isovector channel, which is roughly the ratio between the channels for realistic effective interactions.
Only nucleon numbers that correspond to half-filled j-shells were considered. Although allowing for
coexistence, their solutions turned out to be pure isovector or pure isoscalar pair fields. Fig. 20
shows the ratios of the isoscalar to isovector pair correlation energies. The systematics reveal the
competition between the stronger isoscalar interaction strength and the spin-orbit splitting. The latter
disfavors the isoscalar pair correlations because the strong pair matrix elements between a proton and
a neutron in states with the same orbital angular momentum l, Eqs. (9,10,11), is fragmented into
matrix elements within the multiplets j = l ± 1/2 and between j = l + 1/2 and j = l − 1/2 of
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Figure 22: Contour plots of the correlation energy in three different A = 132 nuclei as a function of
the amplitudes of of the isoscalar pair field κ0 (S=1 axis) and the isovector fields κn = κp (S=0 axis).
Left panel: 13260 Nd72 with dominating isovector pairing; middle panel:
132
66 Dy66 with dominating isoscalar
pairing; right panel: 13264 Gd68 with a mixture of both pairing types. The numbers show correlation
energies in MeV. In all three cases, the maximum is marked by an X. From [80]
the two the spin-orbit partners. The energy separation between the spin-orbit partners attenuates
the isoscalar pair correlations. The systematics is explained by realizing that the spin-orbit coupling
increases proportional to the spin angular momentum j of the orbitals. Below A = 40 the spin-orbit
splitting is small, and the isosclar correlations prevail. Above A = 40 orbitals with progressively
larger j dominate the region around the Fermi level, which attenuates the isoscalar correlations, and
the isovector correlations take over. Above A = 300 the fraction of low-j orbtitals becomes larger
than the one of high-j orbitals, because the high-j orbitals are localized in the surface region, which
decreases compared to the interior region. As a consequence the isoscalar correlations return. There are
exceptions from the general trend. In case of the nuclides 76Sr and 136Er there is a local accumulation of
low-j orbitals near the Fermi level, which favors isoscalar pairing. The multi-j-shell calculations give the
strong reduction of the lowest two-quasiparticle energy below two times the average value of the gap (see
Fig. 1 of [79]), which characterizes isoscalar pairing in single j-shell (see Section 2.4.2). However, this
reduction of the pair gap may be removed by nuclear deformation. The HFB calculations of Ref. [78],
which allow for deformation result in isovector pairing for the ground state of 76Sr. Experimentally,
the long rotational band is evidence for large deformation and there is no evidence for a low-energy
two-quasiparticle excitation.
Gezerlis, Bertsch, and Luo [80] extended the study to nuclei with N > Z. Fig. 20 shows their
results for the region around 136Er, where there is an island of isoscalar pairing near the N = Z line.
It is bordered by a region of coexistence of isoscalar and isovector pair fields. As illustrated in Fig.
22, the character of the pair correlations changes gradually with increasing N − Z from isoscalar to
isovector via a coexistence region. This agrees with the schematic `-shell model discussed in Section
2.1.4. As demonstrated by Fig. 7, for N > Z the isovector and isoscalar fields coexists in the region
GIS > GIV , where the isovector field is gradually quenched with increasing GIS. The softness of the
potential energy surface in Fig. 7 suggests that for solutions with a pure isovector field the isoscalar
field should be present as a soft collective vibration. One would expect that this softness with respect to
the two pair modes is a general feature. This is consistent with the results the Shell Model calculations
discussed in Section 2.2, which indicate the presence of noticeable isoscalar pair correlations on top of
the dominating isovector correlations (see Fig. 15).
The mean field studies show a scenario of delicate balance between isoscalar and isovector pair fields.
32
The N = Z nuclei below about mass 40 have an isoscalar condensate in the ground state. Nuclides
with N > Z have an isovector (pp¯, nn¯) condensate. The question whether there is a mixed phase has
not been addressed in the existing calculations for these nuclei. Above about mass 40 the ground states
of N = Z nuclei have an isovector condensate, because the progressive spin-orbit splitting between the
orbitals disfavors the isoscalar correlations. This general trend is modulated by shell structure. In the
nuclides around 76Sr and 136Er, there is an accumulation of low-j orbitals near the Fermi surface. The
smaller spin-orbit splitting of the low-j orbitals let the isoscalar field win over the isovector field in the
calculations of Refs. [79,80], which assume a spherical shape. However, nuclear deformation may tip the
balance in favor of isovector pairing. In general, one expects that the channel which does not develop
a condensate will still be present in the form of strong dynamical correlation. The strongest isoscalar
correlations, be they static, mixed, or only dynamic, are expected in the regions around 76Sr and 136Er.
2.5 Mean field approaches with partial symmetry restoration
Chen, Mu¨hter and Faessler [84] and Raduta et al. [85–89] worked out the techniques for projecting
the mean field solution onto good particle number and isospin. Ref. [89] suggested an interesting new
approach, which replaces the standard projection integrals over the angles in isospace and gauge space
by recursion relations, which may present a new efficient way for numerical evaluation of energies and
matrix elements. This refers not only to the pairing equations but also to analytical expressions for np
transfer reactions and double beta decay transition matrix element. The authors applied their methods
to one j-shell and two j-shells with the isovector interaction (1) and demonstrated that variation of
the mean field after projection reproduced the exact energies. In particular, Ref. [88] reproduced the
energy relations between the single and double analog states in the Ti isotopes, which are observed in
experiment.
Petrovici, Schmid, and Faessler [90–95] studied the competition between isoscalar and isovector pair-
ing in the framework of their ”Complex Excited Vampir” variational approach. The trial wave function
is a deformed quasiparticle configuration which is projected on good particle numbers, N , Z, and good
angular momentum. The quasiparticles are defined by a complex valued Bogoliubov transformation,
which ensures the possibility of coexisting isoscalar and isovector pair fields (c.f. [76], [96]). The coeffi-
cients of the transformation are found by minimizing the energy of the symmetry-projected trial wave
function. A number of excited states is found in the same way, and the Hamiltonian is diagonalized
within this non-orthogonal basis. Two shells above N = Z = 20 are used as configuration space. The
Hamiltonian is a renormalized G-matrix derived from the Bonn-A interaction. It is modified by phe-
nomenological correction terms of Gaussian type, which control the strength of the paring interaction.
The isovector corrections are not isospin invariant, however the deviations are moderate. The compo-
sition of the pair correlations in the nuclides 66As, 62,64Ge, 74Rb, and 72,74Kr were studied in [91]. The
information about the pair fields of the lowest basis states is presented in the form of ”average pair
gaps”, which are the trace of the pair potential divided by the dimension of the singe particle basis.
The pair fields have a finite isovector np component. This is in contrast to pure mean field calculations
based on an isospin invariant Hamiltonian. As discussed, the corresponding mean field solution for
N > Z has always a zero isovector np component. It is not clear whether the isospin dependent part
of the Hamiltonian or the restoration of good particle number generate the isovector np component.
The relative strength of the three types isovector pair correlations will be redistributed by restoration of
(approximately) good isospin. Coexisting, an isoscalar pair field is found, which has an average pair gap
of about 1/3 of the mean value isovector components. A major focus of the studies was the coexistence
of prolate and oblate shapes in N ≈ Z nuclei with 56 ≤ A ≤ 84. Their investigations of the rotational
response will be discussed in Section 4
In a series of papers, Chasman [97–100] investigated the pair correlations by means of a version
of the model Hamiltonian (23). At variance with [57], he did not include the term κ~T · ~T/2, assumed
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GV = GS, and multiplied all non-diagonal matrix elements by a factor of 0.5. Instead of diagonalization,
he optimized the trial wave function
〈Ψ|HP |Ψ〉 → min, Ψ = P (N,Z,Q)×∏
k
[
1 + U(1, k)P †1,k + U(2, k)P
†
−1,k + U(3, k)P
†
0,k + U(4, k)iD
†
k + U(5, k)
(
p†kp
†
k¯
n†kn
†
k¯
)]
(54)
with respect to the amplitudes U(ν, k), where P (N,Z,Q) projects on exact particle numbers Z and N
and the parity Q of the number of the T = 0 pairs D†k. He constructed excited states by blocking single
particle levels, which correspond to the quasisparticle excitations in the mean field approximation. In
addition, he included collective pair modes in the framework of the Generator Coordinate Method. The
Hamiltonian HP was diagonalized within the discrete set Ψi of the type (54), which were generated
by modifying artificially the interaction strength of the various terms in HP . Similar to the Vampir
solutions of Ref. [91], he found the isovector np correlations comparable with the like-particle ones.
The isoscalar correlations, which are of the np¯ type, were found to be as strong as the isovector ones,
which is probably a consequence of the ad hoc assumption GIV = GIS. More details will be given in
connection with the Wigner energy in Sec. 3.
Satu la and Wyss [63, 66, 101, 102] studied the competition between the isovector pair modes and
the isoscalar pair mode of the np type. They used a model Hamiltonian of the form (23) without
the term κ~T · ~T/2. The single particle energies were calculated by means of a deformed Woods-Saxon
potential. At variance with Eq. (26), the isoscalar interaction was a product pair operators of the np
type D†k = n
†
kp
†
k. This type of correlations is favored by rotation, because the angular momenta of the
proton and neutron add up. The consequences for the rotational response were studied by adding a
cranking term −ωjx to (23). The many body states were mean field solutions generated by a complex
valued Bogoliubov transformation, subject to the standard self-consistency conditions, the standard
constraints on the expectation values of N and Z, and the Lipkin-Nogami (LN) constraints on the
particle number fluctuations. In the case of N = Z nuclei, the standard mean field solution without
the LN correction corresponds to a pure isovector field for GIS/GIV < 1 and to a pure isoscalar field
for GIS/GIV > 1. The LN correction shifts the transition to the ratio of 1.1 and it leads to coexistence
of the T = 0 and T = 1 fields above the critical ratio. Isospin was restored in an approximate way
by the isocranking approximation with the constraint 〈Tx〉 =
√
T (T + 1 (see Sections 2.3.3 and 2.3.4).
The results of Satu la and Wyss for the binding energies and the moments of inertia for spatial rotation
will be discussed in sections 3 and 4, respectively.
Sun et al. [103–107] used the Projected Shell Model (PSM) to study the rotational excitations of
N ≈ Z nuclei. Their approach is based on the PQQ Hamiltonian (cf. Eq. (18)) without the np terms
of the monopole and quadrupole pair interactions. They start with the mean field solution, which is the
standard deformed BCS vacuum. The pair gaps ∆n and ∆P are taken from experimental systematics,
and the quadrupole deformation is treated as a parameter, which is adjusted the experiment. The ratio
GQ/GM is taken as 0.16-0.20. The three coupling constants are determined by the self-consistency
conditions for the mean field. A set of states is generated by exciting few quasiparticles, which together
with the vacuum state are projected onto good angular momentum I. The Hamiltonian is diagonalized
within this non-orthogonal basis. Concerning pairing, this approach remains on the mean field level.
The authors aimed at the description of the rotational behavior, which will be discussed in Section 4.
3 Binding energies
3.1 Phenomenology
Guided by studies of nn and pp pairing, it is not surprising that the search for experimental signatures of
pn pairing has been centered around effects in binding energy differences. We first follow a phenomeno-
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Figure 23: Schematic diagram showing the relative energies of the ground states of two even-even nuclei
along the N = Z line, and the expected position of the an odd-odd nucleus with strong and weak
isoscalar pairing correlations.
logical approach as introduced early by Janecke [108], Zeldes and Liran [109], and more recently by
Vogel [110] and Macchiavelli et al. [111]. Let us start by considering the simple case depicted in Fig. 23.
For a situation where the ground state of a nucleus of mass A can be considered to be a condensate of
nucleon pairs, adding further pairs will result in a smooth change in binding energy if these pairs can
“take part” in the correlations already present in nucleus A. The gain in energy is proportional to the
number of pairs. If the additional nucleon pairs are such that they cannot take part in the correlation,
then there is no gain in energy. In fact, these “unpaired” nucleons serve to reduce the pairing energy by
removing those nucleon orbitals from the pairing correlations. This is the phenomenon of pair blocking:
All else being equal, the reduced pairing energy is reflected in a reduced binding energy. By studying
the change of the observed binding energies caused by adding various nucleon pairs (e.g. nn, pp, or np)
it is not only possible to determine whether that nucleus contains strong pairing correlations but also
to determine the type of nucleon pairs contributing to this correlation.
Away from N = Z, pairing is dominated by separate nn and pp correlations. The addition of
a neutron and a proton to an even-even nucleus with mass A leads to the well known reduction in
the binding energy of the odd-odd nucleus from that given by the smooth average of the neighboring
even-even nuclei. See the solid line labeled odd-odd in Fig. 23. The difference in binding energy
BE<ee> −BEoo ≈ ∆p + ∆n ≈ 2∆ (55)
provides a measure of the pair gap, ∆, for both protons and neutrons: BE<ee> is the average for even-
even nuclei with (N , Z) and (N+2, Z+2), and BEoo is for the nucleus (N+1, Z+1). For the example
being discussed, the pp and nn pairs couple to spin J = 0 and T = 1; that is, the even-even nucleus has
total spin J = 0 and seniority ν = 0. The state with seniority ν = 2 (a broken pair) will be less bound
than the ground state by the amount of 2∆.
Let us now restrict ourselves to N = Z nuclei and ask what happens when we add an np pair to
the even-even nucleus A. In this case the near degeneracy of the neutron and proton orbitals near the
Fermi surface allows the possibility for correlated np pairs which can couple to isospin T = 0 or T = 1.
In the following we consider the effect of both isospin couplings on the binding energy of an even-even
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Figure 24: The nuclei involved in the evaluation of the ”average” even-even binding energy used in Eq.
(55), which takes into account the different isospins.
N = Z core with (i) pure T = 0 pairing, (ii) pure T = 1 pairing, and (iii) mixed T = 0 and T = 1
pairing. We note that at N = Z, the application of Eq. (55) is based on combinations of the nuclei
shown in Fig. 24, in order to define the average even-even reference according to the isospin.
• For pure T = 0 pairing (i.e. a “condensate” of deuteron-like T = 0 pairs), the T = 0 state of
the odd-odd N = Z nucleus with A + 2 is expected to have a binding energy equal to that of
the average of its even-even neighbors (dashed line labeled odd-odd state in Fig. 23, see also
Section 4.4). The extra np pair, which is coupled to T = 0, can take part in the correlations
already present in the even-even core, and the difference in binding energy given in eq. (55) is
zero. On the other hand, if the np pair were coupled to T = 1, then it could not contribute to
the ”condensate” of T = 0 pairs, which are assumed to be present in the even-even core, and its
presence would block pairing correlations leading to a pair gap of 2∆, as given in Eq. (55).
• If only T = 1 pairing were present, then the addition of the T = 0 quasi-deuteron blocks the T = 1
pairs in the even-even condensate in the same way as any other odd-odd nucleus and eq. (55)
now gives the isovector pair gap. Adding a T = 1 np pair would not disrupt the pair correlations
since it can “blend-in” with the existing T = 1 pairs, and the T = 1 state in the odd-odd nucleus
would show zero binding energy difference from Eq. (55).
• When both T = 1 and T = 0 pairing correlations are equally favored (SU(4) limit) the binding
energy difference in Eq. (55) would be essentially zero for both the T = 1 and T = 0 states. This
is because in both cases, whether T = 1 or T = 0, the core already contains pairing correlations
of that character. There is no odd-odd even-even staggering.
A direct consequence of these simple arguments is that the observed gaps given by Eq. (55) are a
maximum when one type of correlation dominates; mixing in, for example, T = 0 pairing correlations
to a core which has a T = 1 condensate will reduce the observed pair gap, not increase it. From the
charge independence of the nuclear force, the T = 1 pair gap at N = Z cannot be greater than that
found in any other nucleus away from N = Z.
In light of the blocking arguments presented above, it appears possible to probe the nature of the
ground state pairing correlations in N = Z nuclei by comparing the experimental binding energies in
a manner consistent with Eq. (55). In the top left of Fig. 25 we show the binding energy differences
between the ground state of an even-even N = Z nucleus and the lowest T = 0 states in the neighboring
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Figure 25: Summary of binding energy differences for nuclei along the N = Z line.
odd-odd N = Z nuclei. The extra binding of the even-even nuclei is clearly seen and follows remarkably
well the known 1/A1/2 dependence (solid blue curve) [112]. It is then natural to associate the observed
binding energy differences between the lowest T = 0 states in N = Z nuclei with the full T = 1 pair
gap. The T = 0 states in odd-odd N = Z nuclei then behave like those in any other odd-odd nucleus
where the extra n and p block the T = 1 pairing to the same degree as any “standard” two quasiparticle
state. Therefore, the data in Fig. 25 suggest that T = 0 pairs do not contribute significantly to the pair
correlation energy in N = Z nuclei [111].
Let us now turn our attention to the T = 1 states shown at the bottom left of Fig. 25. Because
the even-even reference core has isospin T = 0, one has to correct Eq. (55) for the known isospin
contribution to the smooth binding energy. The T = 1 states in odd-odd nuclei must include a bulk
symmetry energy term [108,112,113]
ES(T ) =
75MeV
A
T (T + 1), (56)
and Eq. (55) should be modified to
BEee −BEoo ≈ 2∆T=0 + 75MeV
A
1(1 + 1). (57)
In applying Eq. (57) to the data, we see that all of the binding energy difference is accounted for by the
symmetry term (solid red line), and there is no much room to associate with an isoscalar pairing gap
(i.e. 2∆T=0 ≈ 0). The T = 1 state in the odd-odd N = Z nucleus appears as bound as the neighboring
even-even N = Z ground state, and just as the addition of an nn or pp pair to an even-even nucleus
does not block pair correlations, neither does the addition of an np T = 1 pair in N = Z nuclei. The
near degeneracy (after correcting for Coulomb effects) of the T = 1 isobaric analogs with Tz = −1, 0, 1
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Figure 26: Energy difference between the lowest T = 0 and T = 1 states in odd-odd N = Z nuclei.
clearly shows that it does not matter whether a pp, np, or nn T = 1 pair is added to the N = Z
core – neither results in a blocked state. This proves the existence of T = 1 pairing correlations in
N = Z [110,111], which in view of the charge-independence of the nuclear force is not surprising.
Finally the single-particle T = 1/2 states in the odd systems, (top right of Fig. 25), complete the
picture elaborated above. The binding energy difference now consists of two parts of approximately
equal magnitude
BEee −BEo ≈ ∆T=1 + 75MeV
A
1
2
(
1
2
+ 1) (58)
one related to the isovector pairing (blue line) and the other to the symmetry term (red line), that
reproduce the data remarkably well (green line).
Within this phenomenologically based picture, the most striking result is perhaps the natural expla-
nation of the competition between T = 0 and T = 1 as ground states in the odd-odd nuclei [109, 111]
shown in Fig. 26. Due to the symmetry energy, the 0+ states should always be excited (red line). It
is only because of the T = 1 pairing correlations that they get pushed down by ≈ 2∆T=1 (blue line)
and become the ground states (green line). Near doubly-closed shells, 40Ca and 56Ni, where static pair
correlations are quenched, the gain in energy is not large enough to revert the ground states to T = 1. It
is interesting to speculate that a similar situation may be encountered again near 100Sn. As summarized
in Table 4, the ground state energies of nuclei near N=Z can be estimated by the phenomenological
analysis in terms of only two ingredients, namely the isovector gap ∆T=1 and the symmetry term ES(T ).
At this point it is important to explicitly mention the so-called ”Wigner Energy”, which refers
to the ”apparent” enhancement of the binding energy near N = Z. In the framework of Wigner’s
super multiplet theory [13] (SU(4), see Section 2.1.4) the energy increases as T (T + 4)/2θ. The term
2T/θ = |N − Z|/θ pushes up the N > Z nuclei relative to the symmetry energy parametrized by
Weizsa¨cker’s expression (N − Z)2/8θ. It has become custom to call any additional binding energy
proportional to |N − Z| ”Wigner Energy”, which is often parametrized as
EW (A) = W (A)|N − Z|+ d(A)δNZpinp, pinp = 1
4
(
1− (−)N
)
)
(
1− (−)Z
)
). (59)
Myers and Swiatecki [114] derived this expression by counting the number of np pairs in spatial identical
orbitals and assigning an extra binding energy to these pairs. They called the sum ”congruence energy”.
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Even-even      T=0                 E0 
_________________________________________ 
Odd-odd  T=0   E0 +2ΔT=1 + ES(0) 
  T=1   E0 +   0        + ES(1) 
_________________________________________ 
Even-even  T=1     E0 +2ΔT=1 + ES(1) 
_________________________________________ 
Odd-even  T=1/2   E0 +  ΔT=1 + ES(1/2) 
Table 4: Expected ground-state energies based on the phenomenological analysis discussed in the text.
Brenner et al. [115] analyzed binding energies of sd-shell nuclei by means of the double differences
δVpn(Z,N) =
1
4
(E(Z + 1, N + 1)− E(Z + 1, N − 1)− E(Z − 1, N + 1) + E(Z − 1, N − 1)) , (60)
which they interpreted as the interaction between the last proton and neutron. For N = Z they found
strong negative values of about twice the values of the N 6= Z neighbors. As we discussed above, it
is important to consider the proper reference that takes into account the isospin of the relevant states.
The ”filter” (60) is just another way to expose the linear Wigner term in the binding energies, and as
such does not tell much about the existence or not of a T = 0 condensate. Satu la et al. [116] suggested
certain combinations of δVpn(Z,N), which allowed them to ”filter out” the two parameters W (A) and
d(A) when the other terms in the mass formula depend sufficiently weakly on A. Fig. 27 shows that the
average trend is well reproduced by W (A) ≈ 47MeV/A and d(A) ≈ W (A), if the lowest T = 0 state
in the odd-odd N = Z are taken in the filtering procedure. Of course, this again reflects the discussed
fact that the binding energies are approximately ∝ T (T + 1).
3.2 Microscopic calculations
The goal establishing a relation between the binding energies and np pairing has initiated a number
of theoretical studies, the methods of which were reviewed in Sections 2.2.1, 2.2.2, 2.3.4, 2.4, and 2.5.
Depending on the approach, the authors concluded that the systematics of the binding energies can be
explained as a consequence of the isovector pair correlations only (including the np component required
by isospin invariance) or that the isoscalar pair interaction and T = 0 pair correlations play a significant
role. In the following we discuss the different results from a common point of view.
3.2.1 Isovector scenario
Frauendorf and Sheikh [53] first pointed out that the T (T + 1)/2θ dependence (T ≈ Tz = |N −Z|/2) of
the strong interaction part of the binding energies is expected to emerge as a consequence of strongly
breaking the isospin symmetry by the isovector pair field. In the subsequent paper [55] they drew
attention to the fact that the systematic displacement of the lowest T = 0 state in odd-odd nuclei
relative to they even-even neighbors observed for N = Z nuclides indicates that a substantial isoscalar
pair field cannot be present (c.f. Sec. 2.1.4 and 3.1). They also noted that standard self-consistent
theories involve the isocranking procedure automatically, and the coefficient of the symmetry energy
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Figure 27: The experimental values of the
two contributions W (A) (full circles) and
d(A) (open triangles) to the Wigner energy
(59). The values are obtained by means
of combinations of differences (”filters”) be-
tween the binding energies tabulated in the
1995 mass evaluation. From [116], where the
filter expressions are given. The open cir-
cles were obtained using the binding energies
of the lowest T = 1 states in the odd-odd
N = Z nuclei and the open triangle by using
the lowest T = 0 states.
Figure 28: The Wigner term W (A) extracted
from the binding energies calculated calcu-
lated by diagonalizing the USB and KB3 in-
teractions in the sd- and fp-shells, respec-
tively, as compared with the experimental
values shown in Fig. 27. The results of calcu-
lations with interaction matrix elements re-
moved are labelled as Jmax = 1: all T =
0, J = 1 removed, Jmax = 7: all T = 0 re-
moved, and Joddmax = 7: all T = 0, J = 1, 3, 5, 7
removed. The insert shows the values ex-
tracted from the ETFSI mass formula. From
[116].
Csym 〈Tz〉2 /2 provides the isorotational moment of inertia θ = 1/Cs. Focusing on spatial rotational
structures, they did not calculate J but took the experimental value for describing the relative energies
of T = 0 and T = 1 rotational bands (cf. Section 4).
In his QRPA studies (cf. Section 2.3.4), Neergard [67–69] used a fixed set of single particle levels in a
deformed potential. The isocranking procedure for a fixed levels gives a value of θ that is about a factor
of 2 too large, because it accounts only for the so-called ”kinetic” part of the symmetry energy, which is
generated by the asymmetric occupation of the levels according to the Pauli Principle. An equally large
”interaction” part arises from the change of the single particle levels with N −Z. Self-consistent mean
field theories provide the isospin dependence average potential and the correct symmetry coefficient. To
account for the deficiency, Neergard introduced the ”symmetry interaction” κ~T · ~T/2 and carried out the
standard HFB + QRPA procedure for the Hamiltonian (23) with GIS=0. The symmetry interaction
generates a constant up and down shift of proton and neutron levels levels, respectively. The strength
C was adjusted to reproduce the experimental symmetry energy and the GIV was chosen to enforce
for the HFB solution standard values ∆p = ∆n = 12MeV A
−1/2. He could reproduce well the binding
energies of the isobaric chains with A=48, 56, 68, 80, 100 (see Figs. 3 and 4 in Ref. [69]).
Bentley and Frauendorf [57] calculated the binding energies of even-A nuclei with T ≤ 5 by nu-
merically diagonalizing the Hamiltonian (23), which avoids the problems that are caused by the small
amplitude approximation of the QRPA (see Section 2.2.2). They determined the equilibrium deforma-
tion individually for each isobaric chain for 30 ≤ A ≤ 100 by means of the Micro-Macro method in order
to properly account for the changing level density near the Fermi surface. Several fixed ratios GIS/GIV
were investigated. For a detailed comparison with experiment, the Coulomb energy was removed from
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the data in such a way that mirror pairs (same |Tz|) appear at the same energy.
The resulting energies were written in the form E(A, T ) = Eint(A) + T (T + X)/2θ. The rela-
tive energies of the considered nuclei with T ≤ 5 can be re-expressed in terms of energy staggering
2∆ = Eint(A)− (Eint(A− 1) + Eint(A+ 1)) /2 between the even-even and odd-odd N = Z nuclei, the
isorotational moment of inertia θ, the ”Wigner X”, and the energy difference E(A, T = 1)−E(A, T = 0)
of the odd-odd N = Z nuclei. Fig. 29 displays the results for the six-level calculations. Seven-level
calculation were carried out for GIS = 0 only, which additionally included the T=1, 3, 5 chains. They
were nearly identical with the six-level results after renormalization of the interaction strength, the
values of which are quoted in Fig. 29. The strengths of isovector and the symmetry interactions were
parametrized by smooth A-dependences ∝ A−3/4 and A−1, respectively. The coefficients were adjusted
to the experimental values of 2∆ and E(A, T = 1)− E(A, T = 0).
Fig. 29 demonstrates that the model Hamiltonian (23) describes all four quantities in a consistent
way. The authors attribute the slight systematic overestimation of 1/θ to the small number of single
particle levels. Together with Neergard’s work, the results place the phenomenology discussed in Section
3.1 on a microscopic basis. The local fluctuations, which reflect the changes of the level density near
the Fermi surface, are reasonably well reproduced. Some deviations are expected, because there are
uncertainties of the single particle energies. As seen in Fig. 29, the presence of moderate isoscalar
pair correlations of the pn¯ type changes the results only insignificantly as long as GIS/GIV < 0.5. For
GIS/GIV > 1 a consistent description of the data was not possible. The authors interpret this as an
signal for the appearance of a isoscalar pair field, which is accompanied by quenching the even-even
odd-odd energy staggering 2∆. The results substantiate the suggestion of Ref. [53] that the Wigner
term T/2θ originates from the spontaneously broken isospin symmetry. As a new point, they note that
symmetry is broken by the mean field in two ways, by the isovector pair field in the particle-particle
channel and the by isospin dependent part of the average potential in the particle-hole channel, where
both contribute to about equal parts.
Bentley et al. [117] demonstrated that QRPA reproduces with good accuracy the Shell Model results
of Ref. [57] as long as the nucleus is sufficiently away from the phase transition. They suggested an
interpolation for the cross-over region based on the QRPA solutions above and below the transition,
which very well approximates the Shell Model results. The method was incorporated to the Micro-
Macro scheme for calculating ground state binding energies, where three major single particle shells
were taken into account. As anticipated in Ref. [57], the systematic overestimate of 1/θ seen in Fig.
29 was a consequence of the small number of single particle levels (6 or 7) to which the Shell Model
diagonalization had to be restricted, and it was removed in the extended QRPA single particle space.
The authors calculated the binding energies without explicitly introducing a Wigner term, where the
accuracy was comparable with other approaches to large-scale mass calculations. The method holds
promise to avoid the need of introducing a phenomenological Wigner term into self-consistent mean field
approaches to nuclear binding energies. HFB+QRPA calculations within such self-consistent framework
could provide a completely microscopic description of the binding energies of nuclei near the N = Z
line.
3.2.2 Isoscalar versus isovector pairing
Brenner et al. [115] could reproduce the presence of the N = Z spikes in the δVpn values (60) by di-
agonalizing a surface δ- interaction within the sd-shell. The spikes disappeared when the T = 0 part
of the interaction was removed. Diagonalizing the realistic USD interaction, they could quantitatively
reproduce the experimental spikes of δVpn(Z,N) at N = Z. Satu la et al. [116] extended this kind of
investigation to pf-shell nuclei, for which they diagonalized the KB3 interaction. They used combi-
nations of δVpn(Z,N) to filter out the two terms W (A) and d(A) in Eq. (59) from the experimental
and calculated energies. The results are displayed in Figs. 27 and 28. The Shell Model calculations
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Figure 29: The even-even odd-odd mass difference 2∆ of N = Z nuclei, the energy difference between
the lowest T = 1 and T = 0 states in odd-odd N = Z nuclei, the Wigner X, and the isorotational
moment of inertia θ for N ≈ Z nuclei calculated by diagonalizing the Hamiltonian (23) compared with
the values derived form the experimental binding energies. The coupling constants GIV , GIS, and κ/2
are denoted by GV ,GS and C, respectively. The average trend of 2∆ is 24MeV A
−1/2. From [57].
accurately reproduce the Wigner term W (A). The Thomas-Fermi approach ETFSI shown in the inset
does not provide it, as other mean field approaches fail to do. Removing the T = 0 matrix elements of
the interaction drastically reduces the size of W (A), which quantifies the findings of Brenner et al. [115].
The authors state that they confirm the conclusion of Ref. [115] that the bulk part of the Wigner energy
comes from T = 0 np interaction. Hasegawa and Kaneko [45] carried out a similar analysis of their
Shell Model results. They related combinations of δVpn(Z,N) to various parts of their interaction and
concluded that both isoscalar and isovector terms of their interaction enhance the binding entergies of
N = Z nuclei. Although the work in Refs. [45, 115, 116] demonstrated that the presence of the T = 0
part in the interaction is necessary for the enhancement of the binding energies of N = Z nuclei, it did
not establish the mechanism how this comes about. In particular, the work did not demonstrate that
T = 0 pair correlation generate the Wigner term.
The relation between the isoscalar interaction and the Wigner energy was clarified by Bentley et
al. [117], who carried out a Shell Model calculation for A = 48 within the configuration space of the f7/2
shell. They used the interaction “Model I” of Zamick and Robinson [118] with a normalization to zero of
42
Table 5: The symmetry energy coefficient 1/2θ, the Wigner coefficient X/2θ, and the Wigner X
parameter for the A = 48 isobars. The values are derived from the binding energies obtained by a Shell
Model calculation within the f7/2 shell. The table lists the values obtained by progressively removing
the all matrix elements of a given J . From [117].
J of included matrix elements 1/2θ(MeV) X/2θ(MeV) X
0 1 2 3 4 5 6 7 1.21 1.85 1.31
0 2 3 4 5 6 7 1.12 1.18 1.07
0 2 4 5 6 7 0.93 1.14 1.23
0 2 4 6 7 0.69 1.21 1.75
0 2 4 6 0.12 0.21 1.71
0 2 4 0.12 0.21 1.71
0 2 0.22 0.30 1.41
0 0.40 0.40 1.00
the largest matrix element (two-nucleon angular momentum J = 6) so as to make the total interaction
attractive. Like Satu la et al. [116], they switched off successively the interactions in individual J
channels. However they did not restrict their analysis to the linear Wigner term. Like in Ref. [57], they
parametrized the calculated ground state energies in the form E(A, T ) = Eint(A) + T (T +X)/2θ. The
values for 1/2θ and X are shown in Table 5. As observed by Satu la et al. [116], the Wigner term X/2θ
(=2W of Fig. 28) decreases when the isoscalar interactions J = 1, 3, 5, 7 are switched off successively
and very much so when the J = 7 interaction is switched off finally. It is seen, however, that this is due
not to a decrease of X, which actually increases, but to a decrease of the symmetry energy coefficient
1/2θ. The isoscalar terms of the interaction thus contribute significantly to the entire symmetry energy
and not just to its Wigner term. The reduction of the Wigner energy when the isoscalar interactions
are switched off is only a side effect of this general reduction of the symmetry energy. In our view, there
is no obvious relation to the presence of isoscalar pair correlations.
Poves and Martinez-Pinedo [23] diagonalized the KB3 interaction and very well reproduced the
binding energies of several pf-shell nuclei. They addressed the origin of the Wigner term by calculating
its value for the full KB3 interaction and for the modified KB3 interaction from which its isovector L = 0,
= 0 part or isoscalar L = 0 S = 1 part was removed. As discussed in Section 2.2.1, they quenched the
respective pair correlations in this way. The value of Wigner term did not very much change. They
concluded that the Wigner term is not related to the strength of the pair correlations. This result
is not inconsistent with the findings of Refs. [115, 116] , because these authors only demonstrated a
connection with the T = 0 matrix elements of the residual interaction, however not with the presence
of substantial isoscalar pair correlations in the wave function. On the other hand, it concurs with the
interpretation of Ref. [57] that the Wigner term appears as the consequence of breaking the isospin
symmetry by the isovector pair field and the average potential. The symmetry breaking leads to the
T (T + 1)/2θ dependence of energy irrespective of how the symmetry is broken, provided it is strong.
Switching off the isovector field does not change much because there is still the symmetry breaking by
the average potential. The isorotational moment of inertia is not very sensitive to the pair correlations
and so it is the Wigner term T/2θ.
Poves and Martinez-Pinedo discuss in detail the relative position of the lowest T = 0 and T = 1
states in odd-odd N = Z nuclei. It is the result of a balance between the repulsive isovector monopole
part of the KB3 interaction, which pushes up the T = 1 state relative to the T = 0 state, and the
isovector pairing part, which pulls down the T = 1 state relative to the T = 0 state. The monopole part
has a smooth dependence on A whereas the isovector pair correlation energy grows linearly with the
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shell degeneracy (see Section 2.1.2), which tips the balance as follows. The ground state of 46V is T = 1
because the Fermi level is located in the well degenerate 1f7/2 shell. The ground state of
58Cu is T = 0,
because the Fermi levels located in the barely degenerate 2p3/2 shell. All odd-odd N = Z nuclides with
the Fermi level located in the well degenerate 1g9/2 shell have T = 1 as ground states. This balance is
qualitatively the same as the one discussed in Section 3.1, because the isovector monopole interaction
generates the interaction part of the symmetry energy. The authors note an additional weight in the
balance. The small spin-orbit splitting between the 2p1/2 and 2p3/2 levels enhances the isoscalar pair
correlations in the case of 58Cu, which results in extra binding of its T = 0 level. The latter effect was
studied in detail by Bertsch and Luo [79] (see Section 2.4.)
Using the filters of Ref. [116], Chasman [99] (see Section 2.5) derived W (A) = 45.5MeV/A from
his calculations assuming equally spaced single particle levels, which agrees very well with the average
trend in experiment W (A) = 47MeV/A (cf. Fig. 27). The result was obtained assuming that the
isovector and isoscalar coupling strengths are equal GIV = GIS. For this combination, the author
predicts that the T = 0 and T = 1 states in the odd-odd N = Z nuclei have the same energy. His
value of d = 0.44MeV does not particularly well correlate with the experimental values in Fig. 27,
because it is to be compared with the values derived from the both the T = 0 and T = 1 states in the
odd-odd system, which are predicted to be the same. Chasman makes a strong point that the Wigner
energy essentially originates from the diagonal matrix elements of the pairing interactions, because
the pair correlation energy, which is generated by the non-diagonal matrix elements, turned out to be
nearly constant as a function of |N −Z|. However, his approach, which remains on the mean field level
concerning isospin conservation, misses an essential part of the total correlation energy. As discussed
in Section 2.3, the correlations that restore good isospin generate a term ∝ T , which enhances the
binding of N = Z nuclei. In fact, the work by Bentley, Frauendorf, and Neergard [57, 69] (see above)
demonstrates that the Wigner term can be explained by these correlations. In our view, the question
of the relative importance diagonal and non-diagonal matrix elements of the pairing interaction needs
to be re-addressed in the frame of an isospin conserving approach. We expect that restoring isospin
within Chasman’s approach will enlarge W (A) beyond the experimental value.
Satu la and Wyss [63, 119] calculated the Wigner term W (A) in the framework of their approach
described in Section 2.5. They used single particle energies from a slightly deformed Woods Saxon
potential (β = 0.05), which did not depend on isospin. The isovector interaction strength GIV was
determined by means of the average gap method from the experimental the even-odd mass differences.
The coupling constantGIS for isoscalar spin-aligned np pairs was adjusted to reproduce the experimental
values of W (A). As seen in Fig. 30, good agreement was achieved for GIS > GIV , the actual values of
which are shown in the inset. The excitation energies of T = 2 states of even-even N = Z nuclei were
also very well reproduced. Interpreting the T = 0 states in odd-odd N = Z nuclei as two quasiparticle
excitations, they obtained a rather good description of the energy difference between the lowest T = 1
and T = 0 states in odd-odd N = Z nuclei (Fig. 4 Ref. [63]).
Satu la and Wyss concluded that the isosccalar pn pair correlations are the main source for the
Wigner energy, which is in contrast to the conclusions of Sections 3.1, 3.2.1, and Ref. [23]. In our view,
their use of a set of single particle energies which do not depend on isospin is problematic. As discussed
above, the isospin dependence of the nuclear potential generates about one half of the symmetry energy
(the interaction part), i.e. it reduces the isorotational moment of inertia θ by a factor of about two.
Neglecting the isospin dependence, will result in a value of θ that is a factor of two too large for pure
isovector pairing. The large value of θ is reflected by the small values of the excitation energies E(T = 2)
shown in Fig. 30 for the case GIS = 0. By introducing strong isoscalar pairing, Satula and Wyss reduce
the value of θ to be consistent with experiment. Fig. 31 illustrates the situation. The isoscalar pair
correlations are absent in the rigid rotation regime, where θ ≈ 0.7MeV −1, which is to be compared with
the experimental value of θ = 0.45MeV −1 for 48Ca from Fig. 29. Switching on the isoscalar pairing
reduces θ to 0.25MeV −1 for the T = 0 ground state of 48Ca. Increasing the isorotational frequency
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Figure 30: Upper panel: Calculated Wigner
term W (A) compared with the average ex-
perimental values from Fig. 27. Lower panel:
Calculated (stars) and experimental (dots)
excitation energies of the T = 2 states in
even-even N = Z nuclides. Inset: Values
of GIV = GT=1 and GIS = GT=0 used in
the calculation. Diamonds show a calcula-
tion with GIS = 0. From [119],
Figure 31: Isorotational moment of iner-
tia θ = 〈Tx〉 /h¯ω as function of isorota-
tional ω for the Cr isotopes. The value
of 〈Tx〉 is related to the total isospin T by√
〈Tx〉2 + 〈Tz〉2 =
√
T (T + 1). The isoscalar
pair correlation are absent in the rigid rota-
tion regime. From [119].
h¯ω (i.e. T ) suppresses the isoscalar correlations by blocking. They are quenched at h¯ω = 2.5MeV ,
which correspond to T ≈ 2. We expect that taking into account the isospin dependence of the nuclear
potential in the framework of Satula and Wyss’ approach will reduce θ remove the necessity to introduce
strong isoscalar pair correlations.
As discussed in Section 3.1 and pointed out in Refs. [55,62] the presence of a strong isoscalar pair field
breaks the N and Z number parity symmetry, which has the consequence that the quasiparticle vacuum
represents the ground states of both even-even and odd-odd N = Z nuclei. This general consideration
is born out by the exactly soluble models in Sections 2.1.3-2.1.4 (see Fig. 5). Within their framework,
Satu la and Wyss postulate that the ground state of odd-odd N = Z has two quasiparticle nature (see
Fig. 4 of Ref. [63]). We consider such assignment as a problem of their approximate approach, because
a complete many body treatment of their Hamiltonian will provide another T = 0 state that is located
much lower.
Summarizing it seems that the T dependence of the ground state binding energies does not provide
evidence for an isoscalar pair condensate. The scenario that invokes only isovector pairing accounts very
well for the data. We consider the attempts to explain the difference between experimental energies and
the results obtained in a pure isovector scenario by the presence of strong isoscalar pair correlations as
problematic, because the isovector baseline used in these calculations missed ingredients that contribute
to the binding energy in essential way. Comparing Shell Model results with different strength of the
relevant pair interaction have not revealed a causal relation between the appearance a term proportional
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to |N − Z| in the binding energy and the presence of isoscalar pair correlations.
4 Rotational response
It has been early recognized that the pair fields respond differently to rotation, i. e. the increase
of angular momentum. The J = 0 pairs, which dominate the isovector correlations, generate the
T = 0, I = 0 ground states of the even-even N = Z nuclei. In order to increase the angular momentum,
the pair correlations must be partially lifted, which costs energy. Hence, the isovector pairing increases
the excitation energy of states with finite I (decreases the moment of inertia in case of regular rotational
bands), and it will be destroyed when enough pairs are broken with increasing I. Pairs with J 6= 0
can gradually align to build up angular momentum, which will decrease the excitation energy of states
with finite I (increase the moment of inertia). Their presence is expected to decrease slower or even
to be enhanced with increasing I (up to a certain value when the pairs are fully aligned). Isovector
pairs have even values of J . The J = 2 pairs (quadrupole pairing), which are known to be significant
in accounting for the correct rotational energy in N  Z, nuclei will play a similar role in N ≈ Z
nuclides. Quadrupole pairing reflects the nuclear deformation, which induces a deformation of the pair
field. The isoscalar pairs have odd values of J . The pairs with maximal spin J = 2j are particularly
favored, because the maximal overlap of their wave functions provides a large gain in energy (see Fig.
2). However, the number of pairs that may correlate decreases with J , because the interaction, which
conserves angular momentum, cannot correlate pairs with different angular momentum projection. The
number is maximal for J = 0 pairs and one for J = 2j pairs. Hence one must distinguish between
the contribution of the isoscalar interaction to the energy, which may be just a diagonal term, and the
generation of isoscalar pair correlations. For J = 1 there are still many pairs that may correlate. Since
their alignment gain of angular momentum is relatively small, it is not clear from the outset whether
the J = 1 correlations will increase or decrease the rotational energy. As in the case of the T = 1 pairs,
one expects that nuclear deformation induces a certain admixture of J = 3 pairs.
The different response promises a possibility to asses the relative importance of isovector and
isoscalar pair correlations. Systematic investigations of the rotational response have been carried out
assuming that there is only isovector pairing. In Section 2.3 we discussed the isorotational approxi-
mation, which allows one to avoid the explicit calculation of the isovector np field. In Section 4.1 we
elaborate on this approach and demonstrate its accuracy for a rotating deformed j-shell. In Section
4.2 the studies within this approximation are reviewed. In Section 4.3 we discuss calculations based on
realistic effective interactions, which are expected to quantitatively account for the different rotational
resonse to isovector and isoscalar pairing. The relation between isoscalar interaction and isoscalar pair
correlations will be analyzed in more detail. In particular the recently suggested existence of a ”spin-
aligned phase” [138] is discussed thoroughly. Section 4.4 discusses the symmetry aspects of isoscalar
pair correlations. In Section 4.5 possible evidence in the rotational spectra for the presence isoscalar
pair correlations is reviewed.
4.1 Approximate isospin restoration
Frauendorf and Sheikh [53] studied how the spectrum depends on the spatial rotational frequency ω
for the model system of protons and neutrons in a deformed f7/2 shell interacting via a δ-force. The
rotational response was described by means of the cranking approximation (see Section 2.2.2). They
obtained the exact energies in the rotating frame of reference (Routhians) by diagonalization of the two-
body Routhian (22) and and compared them with the corresponding values in Boglujubov mean field
approximation. The pair field turned out to be purely isovector. As already discussed in Section 2.3,
they noted that all orientations of the isovector are equivalent and that the y-direction is particularly
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Figure 32: Upper panels: Exact Routhians for 3 protons and 4 neutrons (left) and 3 protons and 3
neutrons (right) in a deformed f7/2 obtained by diagonalization of the two-body Routhian (22). Lower
panels: Isorotational CSM approximation (61) of the results in the upper panels. The various config-
urations are indicated as C = [ab..., AB...]T , where the excited protons are labelled a, b, ... and the
excited quasineutrons A, B, .... From [53].
convenient, because the np component is zero.
They discussed in detail how to combine intrinsic configurations of quasiparticle in the conventional
like-particle pair field with the isorotational mode to construct states of good isospin. Applying the
isorotational approximation, the Routhian is simply given by the sum
E ′(T, ω, C) = E ′0(ω,C) + T (T + 1)/2θ, (61)
where E0(ω,C) is the Routhian of the configuration C quasiparticles belonging to the deformed mean
field, which rotates with the angular velocity ω. With the choice of the y-axis for the orientation of the
isovector pair field, the configuration is determined by separately allocating the excited quasiprotons
and quasineutrons. Fig. 32 compares the exact Routhians with the ones obtained by this procedure.
The mean field Routhian was calculated in Cranked Shell Model (CSM) approximation [120], which
keeps the isovector pair field constant equal to its value at ω = 0. The isorational moment of inertia θ
was obtained by means of the isocranking method. The fair agreement demonstrates that presence of
a strong isovector pair field leads to a simple decription of the rotational spectra of N ≈ Z nuclei in
terms configurations that combine quasiprotons with quasineutrons.
As discussed in detail in Ref. [53], isospin conservation imposes rules how to combine quasineutron
and quasiproton excitations, which exclude certain combinations. By these rules, the two degenerate
configurations in N = Z nuclei obtained by exchanging quasiprotons by quasineutrons will combine
into two mixed configuration with T = 0 at lower and T = 1 at higher energy. In the framework of
their deformed j-shell model (see Section 2.2.2), Frauendorf et al. [52], studied the splitting between
the T = 0 and T = 1 s-bands. These states represent an equal-weight mixture of the two configurations
with a broken pair of quasineutrons or neutrons, respectively, which align their spins with the rotational
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Figure 33: Angular momentum J (denoted byI) as function of the rotational frequency h¯ω = (E(I)−
E(I − 2))/2. The circles show the experimental values. The CRHB calculation include the isovector
pairing on the mean field level with the Lipkin-Nogami correction. The CRMF calculations assume
zero pairing. The configuration label C=[p,n] indicates the number of respective protons and neutrons,
respectively, in the g9/2 shell. The configuration of the other quasiparticles is omitted. From [144].
axis. In the case of N = Z, the T = 1 state is shifted to substantially higher energy by the isovector part
of the interaction. In accordance, only one back-bend, which reflects 50% pp and 50% nn alignment, is
observed in rotational bands of even-even N = Z nuclei. This is in contrast to N 6= Z nuclei, where
both the neutron- and proton-s bands are observed at close energies. In this sense the splitting between
the T = 1 and T = 0 states originating from two degenerate mean field configurations generated by
exchange of protons with neutrons can be considered as evidence for isovector np pair correlations that
restore the isospin symmetry.
4.2 Pure isovector pairing
Frauendorf and Sheikh [53] used the CSM [120] based on the realistic deformed Nilsson potential and a
value of θ derived from the experimental binding energies to describe the rotational bands in 7236Kr36 [121],
73
36Kr37 [122], and
74
37Rb37 [123]. The calculations accounted reasonably well the available data. Before this
work, Satu la and Wyss [124] analyzed the rotational bands in 74Kr, 78Sr and 82Zr [125] and 95Rb [126]
in the framework of the Total Routhian Surfaces (TRS) approach, which optimizes the shape of the
nucleus for each angular momentum. The authors of the papers [125, 126] were surprised about the
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excellent agreement of the calculations with the data, because the proton - neutron pairing should be
important for these T = 1 and 1/2 nuclei, which is not taken into account in the TRS. Frauendorf
and Sheikh [53] clarified the issue. Within the isorotational approximation (61), the relative energies of
states of the same isospin are given by their intrinsic values E0(ω,C). They can be calculated for the
y-direction of the isovector field, which does not have a np component. Their TRS calculation for 74Ru
well reproduced the data ( compare Figs. 5 and 11 of [53]).
The simplicity of (61), and the fact that sophisticated Cranking codes without np pairing were at
hand for calculating E0(ω,C) made the isorotational approximation the standard tool for describing
the rotational response of N ≈ Z nuclei. After the year 2000, the rotational response of N ≈ Z
nuclei was investigated in a number of experimental papers [127–138]. Afanasjev , Frauendorf and
Ragnarsson [139,140], interpreted the rotational bands of the nuclides with A = 58−80 in a systematic
way, where E0(ω,C) was calculated by means of cranked relativistic Hartree+Boguljubov (CRHB)
[141]. For quantitative agreement the suppression of the isovector pair field by the rotation-induced
alignment of quasiparticles with the rotational axis (cf. e.g Frauendorf in [3]) had to be taken into
account, which was facilitated by means of the Cranked Relativistic Mean Field (CRMF) theory [142]
or the Cranked Nilsson-Strutinsky (CNS) approach [143]. The rotational spectra and the reduced
transition probabilities B(E2) of N = Z, Z + 1 nuclei were reproduced as accurately as for nuclei
with substantial neutron excess. Detailed discussions and systematic comparisons with experiment can
be found in Refs. [139, 140] and Afanasjev in [3]. Fig. 33 displays a summary, which compares the
calculated angular momentum as function of the rotational frequency, J(h¯ω), with the experimental
values. These functions, which expose deviations of the calculations from experiment better than the
energies themselves, are systematically well reproduced by the calculations. The summary Fig. 4 of
Afanasjev in the review [3] shows that the calculated transition quadrupole moments also well accounted
for the experiment.
Sun et al. [103–107] used the Projected Shell Model (PSM, see Section 2.5) to study the rotational
excitations in N ≈ Z nuclei. Their PSM only includes like-particle isovector pairing, i. e. it provides
a description of the relative energies for states of the same isospin. Figs. 34 and 35 show examples
of their calculations, which very well agree with experiment. The results for 47V, 47Cr, 49Cr, 49Mn,
and 51Mn [104] and 72,74,76Kr, 76,78Sr, 80,82Zr, 84,86 and 88,90Ru [105–107] are of comparable quality.
Other quantities as transition quadrupole moments are also very well accounted for. In particular, the
observation of a sharp crossing for Z = 36, N = 36, 38 and a very washed out for Z =, 38, N = 38, 40
could be reproduced (Fig. 2 of Ref. [107]). It was interpreted as oscillations of the interaction between
the crossing bands when the g9/2 shell is progessively filled, which is a the well known feature of the
isovector pair fleld (cf. e.g. [62]).
Langanke et al. [145] carried out SMMC calculations based on the purely isovector Pairing+QQ
Hamiltonian (isospin invariant version) the fp-gds model space for N ≈ Z nuclei around A = 80.
They could very well reproduce the energies and reduced transition probabilities B(E2, 2+ → 0+) and
demonstrate how the progressive occupation of the g9/2 shell induces a transition from spherical to
deformed shape.
Based on their experiments, de Angelis et al. [121], Fisher et al. [127], and Ma˘rginean et al. [128]
(and previous work cited therein) suggested a delay of the crossing between the g-band and s-band in
the N = Z=36, 38,40,42, 44 nuclides as compared to the N = Z + 2 isotopes. These results initiated
several theoretical studies.
Kaneko and Zhang [146] carried out CSM calculations. They could generate an upshift of the crossing
frequency by adding a np component to the like-particle isovector pair field, which they interpreted as
evidence for additional np pairing in N = Z nuclei. As we discussed in Section 2.3, their modification
amounts to a reorientation of the isovector field and an increase of its absolute value. The reorientation
does not change the energies because of isospin invariance. Increasing the absolute value shifts up the
crossing frequency. They could have obtained identical results by increasing the like-particle pair fields
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only.
Frauendorf and Sheikh [54] calculated the band crossing frequency for different nucleon combinations
in a deformed rotating f7/2 shell (see Sect. 2.2.2). For fixed prolate deformation they identified two
trends (see Figs. 4 and 5 of [54]). (i) With increasing number of nucleons, the crossing moves up and
becomes more gradual. This had been known for nuclei with N >> Z for long and is well understood
as caused by the increasing coupling of the j-shell states to the deformed potential. (ii) The crossing
frequency increases with a decrease of |N−Z| with the maximal value at symmetric filling. By switching
off the T = 0 part of the δ-interaction, they demonstrated that the shift is caused by the T = 1 part of
the interaction. It is remarkable that the trend involves both even and odd Z (or N) for fixed even N
(or Z). The shift reflects the additional binding energy of the ground state caused by the isovector np
pair correlations.
Sheikh and Wyss [56] demonstrated in the framework of the same model that an increase of the
isoscalar J = 1 term of the interaction also shifts up the crossing frequency. Sun [128] showed that an
increase of the strength of the QQ interaction (cf. Section 2.5) increases the crossing frequency too,
which is expected, because a stronger QQ force enlarges the deformation.
The later experiment by O´ Leary et al. [131] identified another rotational band in 72Kr, which
crosses at about the same frequency as in 74Kr and fits into the systematics of band crossing shown in
Fig. 33 (see also Fig. 2 of Ref. [107]). Davies et al. [133] demonstrated that the smooth alignment in
76Sr is observed at the frequency predicted by the CRHB calculations assuming pure isovector pairing.
In the heavier N = Z nuclei the angular momentum of the observed yrast levels is too low to decide if
there is a delay of the band crossing or not.
In summary, calculations based on the isorotational approximation and the assumption of pure
isovector pair correlations describe the rotational response of N ≈ Z nuclei as well as they do it for
N  Z nuclei. In particular, the crossing frequency between a band and another containing two
rotationally aligned g9/2 quasiparticles is well accounted for.
4.3 Isovector and isoscalar pairing
4.3.1 Shell Model, mean field, and combined studies
Poves and Martinez-Pinedo [23] calculated the yrast levels of several N ≈ Z nuclei in the lower part of
the fp shell (See Section 2.2.1). Fig. 36 shows the energy differences between the yrast levels of 48Cr,
which are twice the rotational frequency h¯ω. The calculated energies are very close to experiment. The
authors extracted pair correlation energies by ”switching off” the isovector paring and J = 1 isoscalar
pairing. (Their ”switching off” procedure is explained in Section 2.2.1). Fig. 37 shows that the isovector
correlation energy is about twice the isoscalar one in the ground state. It rapidly decreases with J .
The isoscalar correlation fall off at a slower rate. Both disappear at J = 16, which is the maximal
angular momentum that can be generated by 4 protons and 4 neutrons f7/2 shell (band termination).
No correlations can bulid up, because there is only one state. Fig. 36 shows also the calculations
with the two types of pairing switched off. As expected, isovector pairing strongly reduces the moment
of inertia J = J/ω. The J = 1 isoscalar correlations cause a reduction as well, which is however
substantially smaller. This is understood as follows. Fighting against the correlation of nucleons to
J = 0 pairs requires most energy when generating angular momentum. Fighting against the J = 1
correlations costs less because the correlation energy is smaller and angular momentum is generated by
aligning the spins of the pairs. Nevertheless, it is more costly than generating angular momentum in the
absence of these correlations. A reduction of the moment of inertia is the consequence. There is little
promise to use this shift as a measure for the T = 0 correlation strength. As discussed below, T = 0
correlations with large J are present. They increase the angular momentum and tend to outweigh the
shift. As seen in Fig. 34, the PSM calculations of Ref. [103], which disregard isoscalar correlations,
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Figure 34: Transition energy between the
yrast levels of 48Cr as function of the angu-
lar momentum J = I. The experimental val-
ues are compared three calculations: PSM,
GCM (a modification of the PSM, cf. Sec-
tion 2.5) and the spherical Shell Model cal-
culations [23] (cf. Section 4.3). From [103].
Figure 35: Experimental yrast energies (di-
amonds) of 49V as functions of the angular
momentum J = I. compared with the lowest
configurations from PSM calculations (full
lines one and dashed line three quasiparti-
cles). The configuration C of the major com-
ponent in the mixed wave function is indi-
cated for some results. The label p3/2[1f7/2]
denotes a quasiproton from the 1f7/2 shell
with projection 3/2 on the symmetry axis.
Other labels analogous. From [104].
reproduce the experiment nearly as well as the spherical Shell Model calculation of Ref. [23].
Dean et al. [22] studied the rotational behavior of 74Rb [123, 131] in the framework of the SMMC
described in Section 2.2.1. They added a cranking term −ωjx to the Hamiltonian, which ensured that
the mean value of the angular momentum was finite. Their SMMC calculations provided only low-
temperature canonical averages, which agreed with experiment within the statistical uncertainties. In
particular, their mean values of T 2 reflected the transition from T = 1 to T = 0 around J = 5 observed
in the yrast sequence of 74Rb by Rudolph et al. [123]. They calculated mean values of the modified pair
number operators (16) as function of the rotational frequency ω. The np component of the isovector
correlations dominates in the ground state, which is characteristic for a T = 1,MT = 0 state (cf.
Section 2.3.1). The strong isovector correlations are rapidly quenched with increasing ω by breaking a
J = 0 isovector pair composed of a g9/2 proton and a g9/2 neutron, which align of their spins forming
a J = 9 pair. Remarkably, the alignment induces noticeable J = 9 isoscalar pair correlations, which
are absent in the ground state. They remain constant up to the value of 15 of the angular momentum.
As discussed, rotation favors the formation of T = 0 pairs with large J . The correlation between the
J = 9 may be related to the presence of a pair field of the αα type found in CHFB calculations of
Refs. [82, 102] discussed below. Note, within a spherical j-shell, the pairs with J = 2j have different
spin projections −J ≤ MJ ≤ J , between which the interaction matrix elements are zero. That is, the
correlations must be a consequence of some deformation, which breaks angular momentum conservation
on the mean field level. A significant J = 1 isoscalar correlation of Pcorr = 1.9± 0.6 is reported, which
has also been found in SMMC calculations for other N = Z nuclei [19,20] (see Fig. 15).
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Figure 36: Angular momentum J as func-
tion of the transition energy between the
yrast levels of 48Cr. KB3 shows the results
obtained with the complete effective interac-
tion. KB3-P01 was obtained by switching
off the isovector pairing and KB3-P10 the
isoscalar J = 1 pairing. From [23].
Figure 37: Isovector pair correlation energy
P01 and J = 1 isoscalar pair correlation en-
ergy P10 as functions of the angular momen-
tum J for 48Cr. See Section 2.2.1 for the def-
inition of the correlation energies. From [23].
Hasegawa et al. systematically investigated the rotational spectra of N ≈ Z nuclei in the lower
part of the fp shell [36, 44, 45] and of the nuclides N = Z =34,35,36,37,38 [47] in the framework of
their Shell Model version (See Section 2.2.1). Overall, the calculations well describe the experimental
spectra, in particular, the onset of deformation and the shape coexistence phenomena. Ref. [36] shows
a figure for 48Cr similar to Fig. 36, which includes calculations with modified interactions. Their full
EPQQ interaction reproduces the experiment with comparable accuracy. Switching off the T = 0 part
of EPQQ, i.e. using PQQ, did not change the function in any significant way, which is consistent
with the above discussed weak influence of the T = 0 interaction on the moment of inertia that Poves
and Martinez-Pinedo observed. The relative position of the T = 1 and T = 0 bands in the odd-odd
N = Z was well accounted for. The expected dependence on the T = 0 part of the interaction was not
quantified in these studies.
Goodman [82] investigated the rotational response of 80Zr in the framework of CHFB approach (see
Section 2.4) using the pair potentials as a measure the correlation strengths ([
∑
MJMT |∆JMJTMT |2]1/2),
and found two coexisting mean field solutions. One solution has a pure isovector pair potential. The
J = 0 component dominates. A weak J = 2 and a very small J = 4 component reflect the deformation
of the mean field. The calculated moment of inertia is not far from the experimental value. The second
solution has a pure isoscalar pair field. The dominant components are J = 9 and J = 5, which are
about a factor 4 weaker than the isovector J = 0 component of the other solution. They do not change
much with increasing the angular moment, whereas the J = 1 and 3 components grow from zero to
comparable values at I = 16. The isoscalar solution lies 0.65 MeV above the isovector one at zero
spin. It becomes yrast above I = 4, because it has a larger moment of inertia. Goodman explains the
difference between moments of inertia as follows. Generating angular momentum in the isovector phase,
one has to partially lift the J = 0 pair correlations, which is costly energy-wise. In the isoscalar phase,
most angular momentum is generated by gradually aligning the pairs that carry substantial angular
momentum, which costs less energy. The predicted band crossing is not seen in experiment. The
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moment of inertia of 80Zr stays nearly constant up to I = 10, which is consistent with the calculations
that assume pure isovector pairing (see Fig. 33 and Ref. [107]). Presumably, Goodman’s interaction
favors the isoscalar solution too much.
Terasaki et al. [83] carried out CHFB calculations for 48Cr based on the Skyrme interaction combined
with surface δ-interactions generating isovector and isoscalar pair correlations. Below I = 16, they found
an isovector yrast solution and an excited isoscalar solution and above I = 16 a deformed pure isoscalar
solution. Sheikh and Wyss [56] also found a pure isovector and a pure isoscalar CHFB solutions in the
framework of their deformed f7/2 model, which are similar to Goodman’s solutions. They demonstrated
that the exact results obtained by numerical diagonalization have the character of a mixing of the two
CHFB solutions. They calculated the expectation values of the pair counting operators NJTµ, Eq. (14),
for various values of the angular momentum J of the pairs as functions of the rotational frequency. The
isovector part shows the expected drop when a pair of f7/2 nucleons aligns with the rotational axis. The
total isoscalar value does not change with frequency. However there is a shift of strength from J = 1 to
J = 7, which reflects the alignment of the nucleons with the rotational axis. Since the authors do not
calculate uncorrelated reference values, one cannot asses the correlation strength.
Petrovici, Schmid, and Faessler [90–95] calculated the rotational spectra of N ≈ Z nuclei in the
framework of their ”Excited Vampir” approach, which does not conserve isospin. As far as one can tell
from the level schemes shown, the calculated energies of even-spin positive parity states reproduce the
experimental ones well in the case of even-even nuclei. In particular, the coexistence between prolate
and oblate shapes is accounted for. As discussed in Section 4.1, models that assign a direction to the
isovector pair field are capable of describing the relative energies of states with the same isospin, which
is the case. In Ref. [91], the authors provide extensive information about the expectation values of
operators counting pairs NJTµ (cf. Eq. (14)), in the 72,74,76,78Kr isotopes and 74Rb. In the ground
state the T = 1 pairs are distributed over J with a maximum at J = 4, which reflects the deformation
of the mean field solutions used in Vampir. With increasing angular momentum I of the yrast states
the number of T = 1, J = 0 and T = 0, J = 1 pairs decreases and the number of J = 8 and 9 pairs
increases. However it is difficult to estimate the correlation strength from the results, because there is
no reference to the uncorrelated system.
Stoicheva et al. [28] investigated terminating states in the framework of the Shell Model. These states
have a simple structure. All valence nucleons align their spins in accordance with the Pauli Principle.
Their calculations reproduce the observed energy differences between the aligned configurations d−13/2f
n+1
7/2
and fn7/2 in N > Z nuclei around mass 44 but underestimate it by 500 keV for the N = Z nuclides.
Mean field calculations based on the Skyrme interaction combined with approximate restoration of
isospin along the lines described in Section 4.1 or by isospin projection [147] gave results very similar
to the Shell Model. The authors suggest that missing isoscalar components of the interaction may be
responsible for the discrepancy.
Summarizing, the calculations do not reveal a clear signal from the J = 1 deuteron-like pair corre-
lations in the rotational response. They indicate the emergence of pairs with large angular momentum,
which are favored by the isoscalar interaction. Their role will be discussed in the next two subsections.
4.3.2 The spin-aligned coupling scheme
Cederwall et al. [138], who measured the yrast levels of 92Pd for the first time, suggested the existence
of a ”spin-aligned phase” based on an analysis of the Shell Model results of Ref. [29]. In our view,
this ”new pairing phase” represents a mechanism for generating angular momentum that has been
suggested before under different names (Stretch Scheme, Magnetic/ Antimagnetic Rotation), which
does not incorporate correlated pairs as an essential ingredient. The following discussion is based on
the results obtained in the framework of the conventional Shell Model (see section 2.2.1) by various
authors. Qi et al. [29] and Kaneko et al. [48] studied 92,94Pd and 96Cd, Hasegawa et al. [40] studied
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Figure 38: Transition energy Eγ between
the yrast levels of 92,94Pd calculated by Qi et
al. (Q) compared to experiment (exp). Q2
shows the calculation with doubled strength
of the isoscalar interaction. The dashed line
shows the estimate using the AMR coupling
scheme. Data from [29] and [153].
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88,90Ru, Zerguine and Van Isacker [32] studied 92Pd and 96Cd, and Coraggio et al. [31] studied 92,96Pd
and 96,98Cd. Their results were used to produce Figs. 38 - 41, which show the angular momentum I
as the function of the transition energy Eγ = E(I)−E(I − 2) and the reduced transition probabilities
B(E2, I → I − 2) or the respective transition quadrupole moments Qt(I) between the yrast levels.
Cederwall et al. pointed out that the transition energies are approximately independent of I like
for a sequence of vibrational excitations, whereas the reduced transition probabilities B(E2) are nearly
independent of I in contrast to the standard collective vibrational model, which predicts a linear increase
of B(E2) with spin (see Figs. 38 and 39). Analyzing the wave functions (see [29, 148, 149] for details),
they found that the yrast states to good approximation are composed of four J = 9 np pairs, which are
coupled to the total angular momentum. The authors interpreted their findings as follows. The nucleus
92Pd can be considered to be a manifestation of a np paired phase corresponding to an isoscalar spin-
aligned coupling scheme. In the ground state these J = 9 np pairs are pairwise anti-aligned coupled.
With increasing angular momentum, they re-couple by gradually aligning their spins.
This ”spin-aligned phase” is closely related the Stretch Scheme suggested by Danos and Gillet [150]
to explain nuclear rotational bands and the concept Magnetic Rotation (MR) introduced by Frauendorf
[151] (see [62,152]) for further development) to explain regular rotational bands in near-spherical nuclei.
Danos and Gillet assumed that half of the valence nucleons are coupled to maximal spin according to
the Pauli principle and the other half is coupled in the same way. These two groups are then coupled to
the total angular momentum, which increases as the two groups align their spins. The mutual overlap
between the orbitals from the two groups decreases when they close. The resulting increase of energy,
the rotational energy, was qualitatively accounted for. In the case of MR, the angular momentum is
generated by the same mechanism. A group of high-j valence particles and a group of high-j valence
holes form the two ”blades of a pair of shears”, which are assumed to interact via the slightly deformed
nuclear potential. Regular rotational sequences, the ”shears bands”, are obtained by ”closing the
shears”. The nearly quadratic increase of the energy with I and the very small B(E2) values were
calculated in quantitative agreement with the experiment [62,152]. Antimagnetic Rotation (AMR) [62]
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Figure 41: Transition quadrupole moment
between the yrast levels of 88Ru and 92Pd
calculated by Kaneko et al. (K) and 96Cd
calculated by Zerguine and Van Isacker (Z).
The dashed lines show the estimate using the
AMR coupling scheme. Data from [32,40,48]
and [153].
represents a modification of MR for which the particles and holes arrange in a symmetric way, such
that there is no magnetic radiation and the spin increases in units of two along the band. The following
discussion uses the AMR scheme.
Figs. 38 and 39 include an application of the AMR shears mechanism to 92Pd. Each blade is
composed of two g9/2 hole pairs. Their interaction is assumed to be of the Schiffer-True form [6]
(see Fig. 2). Approximating its isoscalar part by −A + B sin θ12, where θ12 is the angle between the
blades, and applying the expressions from Ref. [152], one obtains the energy E(I) and the transition
quadrupole moment Qt(I). The scale of both quantities is a free parameter, which is adjusted to the
Shell Model calculations. The dashed lines carry Cederwall’s et al. signature of the spin-aligned phase:
Both the transition energies Eγ and reduced probabilities B(E2) do not change much with the angular
momentum. As seen in the figures, both quantities slightly decrease with I in accordance with the Shell
Model calculations. Figs. 40 and 41 compares the AMR scheme with the Shell Model calculations for
N = Z nuclei. For 96Cd, 92Pd, and 88Ru, the blades have the length J = 18, 32, and 40, corresponding
to 2, 3, and 4 g9/2 hole pairs, respectively. The AMR coupling scheme qualitatively accounts for the
Shell Model results for 96Cd and 92Pd but it does not for 88Ru and even less for the experimental
Eγ values from this nucleus. The discrepancy indicates that with a larger number of valence holes the
deformed average potential will become more important. As a consequence, the interaction between the
blades will change from the Schiffer-True form towards the −B cos2 θ12 form, which gives the familiar
linear increase of Eγ with I of rotational bands (see Fig. 12 in [152]).
Cederwall et al. suggest that the spin-aligned coupling scheme appears in the N = Z as a transition
from the isovector pair phase to new phase characterized by strong J = 9, T = 0 pair correlations. In
justifying, they point out that the N > Z isotopes show the signature of the isovector seniority scheme.
Fig. 38 illustrates their point for 94Pd. The transition energies decrease rapidly up to I = 8, jump up,
and decrease again, which is understood as follows. The first J = 0 isovector pair breaks at I = 8, where
the two g9/2 holes align their spins. This is followed by the alignment of the second pair. However, as
seen in Fig. 38, the signature of pair breaking appears in 92Pd in a mitigated form as well. This rather
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points to coexistence of the spin-aligned and the seniority coupling schemes than a phase transition.
One expects that the interplay between the coexisting modes is determined by the number of avail-
able np pairs and the ratio of the isovector and isoscalar components of the interaction. This is confirmed
by the Shell Model calculations. Qi et al. [29] changed the T = 0 strength of their interaction. Taking
only T = 1 matrix elements into account, they obtained a pronounced jump in the function I(Eγ), the
hallmark of the isovector seniority scheme. Enhancing the strength of the isoscalar interaction by a
factor of two gave the results denoted by Q2 in Fig. 38. The jump in the function I(Eγ), which indicates
the breaking of the isovector pair, is replaced by a bulge (relative to the dashed line), which indicates a
gradual reorientation of the two nucleons. The jump in I(Eγ) is progressively washed out with number
of isoscalar pairs (J=odd and large) present: As seen in Fig. 38, it is more pronounced for N = Z than
N 6= Z. As seen in Fig. 40, it is most pronounced in 96Cd ( 2 pairs), less in 92Pd (4 pairs) and least
in 88Ru (6 pairs). Figs. 39 and 41 demonstrate that the deformation of the nuclei increases with the
number of holes. It well known from the study of the N  Z nuclei that an increase of deformation
smoothes out the sudden break of an isovector pair to a gradual alignment of the angular momenta of
the two nucleons (cf. e. g. [62]).
The Shell Model values of the transitional quadruple moments in Fig. 41 corroborate the preceding
scenario of a transition from the dominance of the shears mechanism in 96Cd (down sloping) to rotation
of a soft deformed mean field in 88Ru (up sloping). As pointed out by Qi et al. [29] such a transition
is expected when the configurations involving f5/2, p3,2, p1/2 become significant. The calculation of
the yrast levels within the framework of the PSM [107], which takes these and more single particle
orbitals into account, very well reproduces the experimental I(Eγ) function and predicts a rather abrupt
alignment. The PSM is based on the PQQ Hamiltonian. The calculation within the EPQQ [40] , which
includes an additional T = 0 pair interaction (compare Eq. (18) with Eq. (21) ) gives a very gradual
alignment with I (cf. Fig. 40). The reason for the discrepancy is not clear. It may point to np
correlations beyond the quadrupole deformation of the average potential or just be a consequence of the
larger single particle space used in the PSM calculation [107] because the smoothness of the rational
alignment depends also sensitively on the position of the chemical potential in the deformed g9/2 shell
(see [62]). Measuring the yrast levels with I > 8 would be of great interest.
In our view, the rotational response of the N = Z nuclei in the upper g9/2 shell, as predicted by the
Shell Model, reveals the familiar scenario of the quenching the isovector pair correlations by rotational
alignment of an isovector np pair, which is combined with the shears mechanism for generating angular
momentum. The isoscalar interaction favors the mutual alignment of the g9/2 holes. However it does not
presume the existence of scattering of these aligned pairs. In following section we address the ambiguity
in interpreting the Shell Model results, which is a consequence of the small number of valence holes.
4.3.3 Isoscalar pair correlations vs. isoscalar interaction
Cederwall et al. based their concept of the spin-aligned phase on the analysis of the Shell Model
wave functions. Their yrast states of 92Pd have an overlap of about 90% with a spin-aligned state
that is composed of four J = 9 np hole pairs, A009MJ ≡ B, which are coupled as [[B2]18B2]18]I |CS〉,
where |CS〉 represents the completely filled g9/2 shell. This large overlap lead them to declare that
the nucleus is in a spin-aligned phase. Subsequent analyses by Zerguine and Van Isacker [32] and
Neergaard [155] revealed a more complex picture. In the case of 96Cd, the spin-aligned state is composed
of two pairs, |SA; I〉 = [B2]I |CS〉/No(SA; I), where No is the normalization constant. Table IV
of [32] quotes a 〈SA; 0|SM ; 0〉2=91% overlap of the I = 0 Shell Model ground state |SM ; 0〉 with this
spin-aligned state. However it also quotes a 〈IV ; 0|SM ; 0〉2=80% overlap with the ground state of
isovector pair Hamiltonian (1), |IV ; 0〉 = ∑µ(−)µPµP−µ|CS〉/No(IV ; 0). This is possible, because the
spin-aligned and the seniority-zero states have a large overlap of 〈IV ; 0|SA; 0〉2=52% among themselves.
Neergaard showed that with very good accuracy |SM ; 0〉 = α|SA; 0〉 + β|IV ; 0〉. Geometrically, the
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overlaps correspond to angles between the state vectors of 6 SM,SA = 18◦, 6 SM, IV = 26◦, and
6 SA, IV = 44◦=18◦+26◦. He further demonstrated that the geometry is very similar for all effective
interactions used within the g9/2 shell.
This dualism perpetuates to larger angular momentum. Fig. 42 shows the overlap of the Shell
Model wave function with the spin-aligned state I. For I =, 2, 4, 6, and 8, Table IV of [32] quotes,
respectively, the overlaps of 85%, 64%, 70%, and 83% with the states
∑
µ(−)µPµA1−µJ=I,MJ |CS〉/No(IV, I),
which represent the seniority scheme that couples one J = 0 isovector pair with a J = I isovector pair.
The I = 8 state is almost completely composed of a J = 0 pair and an aligned J = 8 pair, which is the
familiar broken pair coupling of isovector pairing. For I = 10, 12, 14, and 16, the overlaps with states
that combine the isovector pairs (J1, J2) =(2,8), (6,6), (8,8), and (8,8) are 58%, 57%, 31% and 100%,
respectively.
Fig. 43 shows the expectation values of the pair number operators NJ,T given by Eq. (14) for 44Ti
with two protons and two neutrons in the spherical f7/2 interacting by S = 0, T = 1 and S = 1, T = 0
pairing forces (see Section 2.1.4), which is analogous to the two proton and two neutron holes in the g9/2
shell. The numbers of J = 0 and J = 1 pairs show the change from enhancement due to correlations
to the uncorrelated values, which was discussed in Section 2.1.4 (cf. Fig. 7). However, the number
of isoscalar pairs with the maximal spin of J = 7 does not change much with the balance between
isovector and isoscalar interaction strength. Moreover, Zamick et al. [154] quote the values 2.0 for a
pure Quadrupole-Quadrupole interaction and 1.9 for an effective interaction adjusted to experimental
energies, which are to be compared with 0.7 for the non-interacting system. It seems that the number
of spin-aligned T = 0 pairs is enhanced by any attractive np interaction.
The reason for the insensitivity is illustrated by Fig. 44. The spin aligned state |SA; I〉 has about
two J = 9 pairs and the isovector pairing ground state |IV ; I〉 has about one pair. Accounting for
Neergard’s observation that the Shell Model ground states for various interactions are well described
by the linear combination |SM ; 0〉 = α|SA; 0〉+ β|IV ; 0〉 (see Table I of [155]), one expects the number
of J = 9 pairs to be between one and two. The substantial fraction of J = 9 pairs in the isovector
pairing ground state appears counterintuitive. It is a consequence of the antisymmetrization of the wave
function, which limits the appropriateness of simple concepts as the spin-aligned scheme or the pair
condensate of macroscopic super conductors. Another aspect of this limitation is the non orthogonality
of the states |SA; I〉 and |IV ; I〉. The smaller the system the more severe the limitations become.
The overlap 〈IV ; 0|SA; 0〉2 changes from 30% for a k15/2 shell to 100% for a p3/2 shell (see Fig. 5 in
Ref. [155]).
The J = 0 pairs are a coherent superposition of j + 1/2 components with m1 = −m2. Several
such pairs can be present in a j-shell, which form the T = 1 condensate. The interaction between
the different components generates the correlation energy (see Section 2.1.1). Because of the stretched
coupling, the J = 2j,MJ pairs are composed of one large component with m1 = m2 = MJ/2 and small
admixtures of the other components m1 +m2 = MJ . Only one such JMJ pair can be present, because
of the Pauli principle. The interaction does not correlate pairs with different MJ values, because it
conserves angular momentum. Therefore the aligned pairs do not qualify for pair correlations in our
sense. The J = 1,MJ = 0,±1 pairs have still enough components m1 + m2 = MJ to generate pair
correlations. Generally, the number of coherently contributing components decreases as j − J/2, which
limits the phase space for building pair correlations. The deformation of nuclei to some extent removes
these limitations imposed by the Pauli principle and angular momentum conservation.
There is a suggestive similarity between the linear combination of the J = 0 isovector and spin-
aliged isoscalar components in the Shell Model states and the coexistence of the isovector and the
isoscalar CHFB solutions reported by several authors. As already mentioned, Goodman [82] found for
70Zr in addition to the isovector solution an excited isoscalar solution of the spin-aligned type. The
pair field of the CHFB solution is a reasonable indicator of pair correlations. As discussed above, a
spin-aligned pair field is only possible if the nuclear potential is deformed, because angular momentum
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Figure 42: Overlaps of the (g9/2)
4 yrast
eigenstates in 96Cd with the two-pair state
|B2; J = I〉. Zerguine and Van Isacker
used three different interactions interactions,
SLGT0, GF, and NB90, were used in their
shell model calculations. From [32].
Figure 43: Number of pairs of a given spin in
the ground state of 44Ti as a function of the
relative strength of T = 0 vs. T = 1 pairing,
measured by the parameter x. Pure isoscalar
interaction corresponds to x = 0 and pure
isovector x = 1. From Macchiavelli in [3].
Figure 44: Expectation values of the pair number operators NJ,T for two neutron and two proton holes
in the g9/2 shell. The y -axis displays NJ,T and the x-axis the pair angular momentum J . The left
panel shows NJ,T for the isovector pairing ground state |IV ; 0〉 and the right panel for the spin-aligned
ground state |SA; 0〉. From [155].
conservation forbids scattering between pairs JMJ and JM
′
J 6= MJ . Goodman et al. [73] pointed out
that the appearance of a spin aligned pair field in the ground state of 24Mg is coupled with the triaxial
shape of this state. Goodman [78, 82] reported isoscalar pair fields of the np type for the ground
states of 92Pd and 96Cd and a weak J = 9 pair field, which coexists with J = 5 and J = 3 fields of
comparable strength, for finite angular momentum in 70Zr. Likewise, Sheikh and Wyss [56], suggested
that their Shell Model solutions for the rotating deformed f7/2 shell (see 2.2.2) have the character of a
mix between the isovector and isoscalar CHFB solutions found for the same Hamiltonian. Satu la and
Wyss’ CHFB (+LN correction) calculations (Ref. [102], cf. Section 2.5), suggest the possibility of an
excited superdeformed band in 88Ru, composed of spin-aligned T = 0 pairs, which coexists with the
isovector yrast solution. Depending on the case, the spin-aligned CHFB solution may become yrast
with increasing angular momentum. It seems that the above discussed mixed structure of the Shell
Model wave functions is reflected by the coexistence of the two CHFB solutions on the mean field level.
The question of orthogonality of the competing CHFB solutions has not been addressed so far. The role
played by this spin-aligned pair field and its relation to the structure of the Shell Model states needs
further clarification.
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4.4 Symmetry considerations
The presence of a strong pair field breaks particle number symmetries in a specific way, which is
reflected by the appearance of a pair rotational band. Essential aspects of this symmetry breaking were
already discussed in Sections 2.3.and 3.1. Frauendorf and Sheikh [55] analyzed the consequences of the
symmetry of the pair fields for finite angular momentuml. The direction of the J = 0, T = 1 isovector
field in isospace can be chosen such that there is no np component. The like-particle components are
invariant with respect to exp(−iNˆpi) and exp(−iZˆpi) (rotations in gauge space by pi), which has the
consequence that the pair rotational bands are sequences of nuclei with ∆N = ±2 and ∆Z = ±2. That
is, the isovector field conserves the number parity of N and Z separately. The isorotational bands are
the sequences N − Z = 2Tz = 0, 4, 8, ... or 2, 6, 10, ... in the case of even A or 1, 5, 9, ... or 3, 7, 11,
... in the case of odd A. In addition there are the gauge rotational bands with A − A0 =0, ... ,-8, -4,
0, 4, 8, ... and fixed N −Z. Angular momentum adds a new element to the symmetries. The isovector
field contains even spin pairs J =0, 2, the components of which are invariant with respect to a spatial
rotation by pi about the rotational axis exp(−iJˆxpi). This implies that the signature quantum number
α = I + even number, is the same within a isorotational or gauge rotational sequence (I=0, 2, 4,.. for
even-even nuclei). See e.g. Ref. [62] for a detailed discussion of the symmetries of rotating nuclei and
the signature quantum number in particular.
The isoscalar pair field conserves the isospin. It changes sign under the separate gauge rotations
exp(−iNˆpi) and exp(−iZˆpi), which implies that only the number parity of A is conserved. This lower
symmetry is manifest by gauge rotational bands with with A − A0 = ... ,-4, -2, 0, 2, 4, ... and fixed
N − Z. In particular, the presence of a sufficiently strong (compared with the single particle level
distance) isoscalar pair potential has the consequence that the energies of lowest T = 0 states in even-
even and odd-odd N = Z change in a smooth way with A (in contrast to experiment as discussed in
Section 3.1). The spatial rotation exp(−iJˆxpi) gives -1 in the case of the isoscalar field, because it is
composed of odd-spin pairs. Then the isoscalar field is invariant with respect to the combined operation
exp(−iJˆxpi) exp(−iNˆpi), which implies that N+I = γ+even number, were γ is a fixed quantum number
called gaugeplex by Frauendorf and Sheikh. Within the deformed f7/2 shell, they carried out Shell Model
calculations for Z = N = 3, 4 switching off the T = 1 part of the δ interaction (cf. Section 2.2.2). The
low-energy part of the resulting two spectra becomes very similar for h¯ω/G > 0.7, if one swaps even
and odd I (see Figs. 8 and 9 in Ref. [55]). As seen in Fig. 33, the experimental spectra of 68Se,
70Br, 72Kr, 74Rb, and 86Sr do not contain evidence for such similarity. The same holds for the Shell
Model calculations for 88Ru, 90Rh, 92Pd, 94Ag, and 96Cd, which base on one and the same effective
interaction [40,48]. This speaks against the existence of a strong isoscalar pair field.
4.5 Experimental evidence from rotational spectra
The rotational spectra of N ≈ Z nuclei have been described in a systematic way assuming pure isovector
pairing, provided that the np component, which is required for good isospin, has been taken into account.
The latter generates a shift by T (T + 1)/2/θ, which is seen in experiment. In particular, it has the
consequence that only one band, the T = 0 combination, is observed, instead of the two close bands
that could be generated by exchanging protons with neutrons if there was no np interaction. Examples
are the odd-spin yrast sequence in odd-odd and the s-bands in even-even N = Z nuclei. With this
provision, the rotational spectra and transition probabilities of N = Z nuclei are reproduced with the
same accuracy as for N 6= Z nuclides. The spectra confirm the rapid quenching of the isovector pair
correlations with angular momentum, which is predicted by both the Shell Model and the various mean
field approaches that partially restore the symmetries.
Deviations of experimental spectra from pure isovector calculations have been repeatedly suggested
as possible evidence for the existence of an isoscalar pair field. In our opinion, such evidence is not
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Figure 45: Summary of observed levels in Br , Rb and Y isotopes near N=Z. The low level density at
N = Z is apparent. From [156]
significant. The calculated moments of inertia are close to experiment, both in the paired and unpaired
regimes. This is consistent with Shell Model calculations, which find moderate isoscalar correlations that
do not change the moments of inertia enough to be significant. Calculated band crossing frequencies also
agree with experiment within the uncertainty margin of the applied approaches. The early evidence for
a delay of the crossing between the g- and s bands (first backbend) in N = Z nuclei has been disproved
by more recent experiments. Moreover some delay is also predicted within an isovector scenario, which
is also within the general margin of uncertainty. The spin-aligned regime suggested by the Shell Model
studies may represent certain isoscalar correlations, the nature of which has still to be understood.
Experimental evidence does not exist, because the relevant data on energies and B(E2) values for
N = Z ≥ 44 have yet to be measured.
5 Low-lying states of odd-odd self-conjugate nuclei
Recent experimental work has focused on the detailed spectroscopy of low lying levels in odd-odd N = Z
nuclei. Fig. 45 illustrates a general observation. The known levels in Br , Rb and Y isotopes near N = Z
are shown. One readily notices that the odd-odd N = Z nuclei show low level densities near the ground
state. Once again, this is consistent with the picture presented in section 2.1. The odd-odd ground
states at N = Z are dominated by the T = 1 pairing correlation and the isovector gap 2∆1 is clearly
recognized as in the even-even isobaric analogues. The high density of T = 0 states appears higher in
energy only at N = Z, where to make a T = 0 np pair requires breaking the gap. Fig. 46 demonstrates
that this is a general phenomenon. There is a systematic appearance of a gap between the T = 1,
0+ ground state and the onset of the T = 0 states above A = 40. Going below A = 34, the ground
states have T = 0, and the T = 1, 0+ state becomes progressively disfavored. This might be taken
(and has been) as an indication that the isoscalar pair correlations become more important than the
isovector ones, which would be consistent with the early HFB calculations (see Section 2.4.3). However
as discussed in Section 3.1, the energy difference between the lowest T = 0 and T = 1 states in odd-odd
N = Z nuclei can be well understood in terms of the competition between the isovector pair correlation
energy and the symmetry energy. In contrast to Fig. 45, the level density of the odd-odd N = Z nuclei
with A < 30 is comparable with the one the odd-odd N > Z isobars, which speaks in favor of a two
quasiparticle character too.
As seen in Fig. 46, the spin of the lowest T = 0 state is systematically equal to I = 2j, where
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Figure 46: Low-lying states in N = Z odd-odd nuclei. Shown are the lowest T = 1, 0+ states, the
lowest T = 0, 1+ states, and the lowest T = 0 states, for which I+ is indicated by the numbers in the
squares. Only a limit of the energy of the 5+ state in 78Y is reported, and Ipi of the lowest T = 0 state
in 82Tc is not known. Data from the ENSDF data base and [156,158].
j is the ground state spin of the odd-A neighbors.4 Obviously the strong attraction between the odd
nucleons in identical orbitals brings these orbital down most. The T = 0, 1+ states are always higher,
except when the odd-A neighbors have a I = 1/2 ground state, and spin-aligned coupling gives 1+. This
indicates that the J = 1 part of the isoscalar interaction acts less effective than the J = 2j part, which
is a general feature of the Schiffer-True interaction shown in Fig. 2. The expression for the interaction
Eq. (41.2) in Ref. [5] gives an energy difference of E(2j) − E(1)=0.8 MeV and 0.3 MeV for A = 20
and 60 respectively. These differences are of the order of the distances between the two states in Fig.
46. Thus, the data is consistent with assuming that the relative position is determined by the diagonal
matrix element of the interaction and does not provide clear evidence for additional correlation energy
of the J = 1 isoscalar type. This is consistent with Chasman’s finding [97–99] that the diagonal matrix
elements of the T = 0 interaction control the energy of the lowest states in the odd-odd N = Z nuclei.
Lisetzkiy et al. [157] studied the M1 transitions between the 1+ and 0+ states. They assumed that
these states represent a pair of a proton and a neutron in the ground state j-orbital of the odd-A
neighbors, which are coupled to J = 1 and J = 0, respectively. The reduced transition probabilities
are very well reproduced if the g - factors are taken from the experimental magnetic moments of the
odd-A neighbors. In particular, the strong difference between orbitals with j = l ± 1/2 is accounted
for. For j = l + 1/2 the spin and orbital contributions to the transitional magnetic moment add up in
a constructive way, which results in a large B(M1) value. The mechanism is the same as the one that
leads to the strong M1 transitions of between the members of the shears bands representing Magnetic
Rotation [62,151,152]( see Subsection 4.3.2). For j = l−1/2 the different terms in the sum largely cancel
each other and the resulting B(M1) values are small. Using the same scheme, Ronen and Shlomo [159]
showed that the magnetic moments of the lowest T = 0 states can be well described by assuming the
4In few cases j is the ground state spin of only the two heavier (lighter) nuclides. Then a state with I = 2j of the j
in the lighter (heavier) neighbors is found at close energy.
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Figure 47: The Gamow-Teller β+ strength
B(GT ) for Ω=12, N=10 as a function of
the isospin T in the two limiting phases.
Solid lines represent the exact solutions and
dashed lines the generalized BCS solutions in
the isovector (bottom two lines) and isoscalar
(top two lines) phases. From [10].
Figure 48: The Gamow-Teller β+ strength
B(GT ) vs the Hamiltonian parameter -x, for
Ω=12, N=10. The solid curve corresponds
to T=0, the long dashes to T=2, and the
short dashes to T=4. From [10].
stretched coupling I = 2j. The success of simply coupling the quasiproton and quasineutron magnetic
moments from the odd-A neighbors to describe the magnetic properties of the odd-odd N = Z nuclei
suggests that the J = 2j and J = 1 states have two-quasiparticle character. For collective states
the pronounced differences between g-factors of the quasiparticles, which are found enhanced in two-
quasiparticle states, would be washed out by the superposition of a large number of components with
different magnetic properties.
A final example refers to the study of metastable state decays in the proton dripline nuclei 82Nb
and 86Tc [158]. Isomeric-decay spectroscopy has been studied using the RISING array at GSI in
Germany, following the projectile fragmentation of a 107Ag beam. In line with the previous results, the
level structure of these Tz = 0 odd-odd nuclei at low excitation shows a preference for T = 1 states,
associated with the existence of a T = 1 np pairing gap. Comparison with PSM calculations [107] (cf.
Section 2.5) support this observation.
In conclusion, the spectroscopic information on the low-lying states of odd-odd self-conjugate nuclei
does not provide evidence for the existence of strong isoscalar pair correlations. The properties of
lowest T = 0 states are well accounted for by considering them as two quasiparticle states generated
from an isovector pairing vacuum. The spin-aligned coupling of the quasi proton and quasineutron
is energetically preferred. However it is not clear whether this is caused just by the diagonal matrix
element of the isoscalar interaction, or if additional pair correlations are involved.
6 Gamow-Teller β-Decay
Qualitative relations between the Gamow-Teller β-decay strength B(GT ) and the pair correlations
have been established by Engel et al. [10], and Engel, Vogel and Zirnbauer [160,161]. They studied the
the degenerate case D = 0 of the schematic Hamiltonian discussed in Section 2.1.4, for which exact
solutions are available. The summed Gamov-Teller β+ strength can be expressed by the elements of
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the the SO(8) basis. Fig. 47 shows that for pure isovector pairing B(GT ) decreases with T = MT ,
because the neutrons block an increasing number of states into which the protons can decay (Pauli
blocking). For pure isoscalar pairing B(GT ) behaves in an unexpected way. It first increases with
T and then decreases. The authors attribute this to the competition between coherent isoscalar pair
correlations, which increase B(GT ), and Pauli blocking. The counterintuitive increase of B(GT ) when
moving away from N = Z has not been explained. The dashed lines demonstrate that these features
of B(GT ) are caused by the pair condensates. Fig. 48 shows how B(GT ) changes as a function of
the relative strengths of the isovector and isoscalar interaction. It goes through zero at x=0, where
GIV = GIS and the Hamiltonian obeys the SO(6) symmetry (equivalent to SU(4)). The GT matrix
element disappears because it represents a ladder operator of the group, which is zero when applied to a
completely symmetric representation [160]. The mean-field approximation does not show this quenching
(cf. Fig. 10 of Ref. [10]). For x = 0, there exist a family of degenerate mean field solutions, which
spontaneously break the SO(6) symmetry. They are generated by the rotations of the SO(6) group
from one of the mean-field solutions and correspond to different ratios of the isovector and isoscalar
pair fields (see for example Table II of Ref. [79]). The exact solution, which is a completely symmetric
representation of the SO(6) group, is a superposition of all these mean-field solutions with equal weight.
The GT matrix element, which is not a scalar with respect to the SO(6) rotations, averages to zero.
(Note the analogy with the breaking of the SO(3) isospin symmetry by the isovector pair field and its
restoration, which were discussed in Section 2.3.)
The quenching of the summed GT strength when approaching x = 0 from the isovector side signals
substantial dynamic isoscalar pair correlations, which are the precursor of the isoscalar pair condensate.
They reduce the matrix element for the 2νβ+β+ decay (double β+ decay with emission of two neutrinos)
in a significant way. The decay is a second order process which proceeds via virtual 1+ states of the
intermediate odd-odd nucleus (0+ini → (β+ + 1+int)→ (β+ + 0+fin)). Its strength is determined by the β+
matrix elements that connect the final state with the 1+ states. Similar to the summed β+ strength,
their contribution is quenched near x = 0, where the decay matrix element goes through zero. (see Fig.
49). The reduction is caused by the strong fluctuations of the pair fields.
Faessler and Raduta et al. [86, 162] found an analogue quenching of the 2νβ+β+ Fermi matrix
element, which is caused by large fluctuations of the isovector pair field. They studied the isovector
pair Hamiltonian
H = εnNˆp(j) + εpNˆn(j)−GnnP †1P1−GppP †−1P−1−GpnP †0P0 + 2χ
∑
m
(−)j−mmp†jmnjm
∑
m
(−)j−mn†jmpjm
(62)
in a j-shell with the operators defined in Eqs. (2, 3). (The last term simulates the residual interaction
in the particles-hole channel, which is not relevant for our discussion.) Exact solutions were found by
diagonalizing in the basis of representations of the SO(5) group. The 2νβ+β+ Fermi matrix element
can be expressed in terms of the SO(5) generating operators, and exact values were calculated. The
authors considered the pair coupling strengths as independent parameters. For small Gpn the solutions
correspond to a pp + nn pair field. At a critical strength of Gpn, indicated by the break down of
the QRPA approximation, the pair field changes to pure isovector np pairing. The character of the
pair fields is indicated by the energy of the exact solution of the odd-odd intermediate nucleus. As
seen in Fig. 1 of Ref. [86], Eoo is larger than the mean of the neighboring Eee for small Gpn which is
characteristic for like particle pairing. For large Gpn (right margin of the figure) Eoo approaches the
mean of the neighboring Eee, which is the signature of the a strong isovector np pair field. As seen in
Fig. 2 of Ref. [86], the exact 2νβ+β+ Fermi matrix element becomes very small near the instability,
where the large fluctuations of the pair field average out the matrix element. The instability occurs at
Gpn >> Gpp, Gnn. In view of the central role of isospin invariance of the isovector pair interaction this
instability seems not to be relevant to experiment.
Engel, Vogel and Zirnbauer [160,161] used the QRPA method for estimating the Gamow-Teller β+
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decay strength the in semi magic nuclei 9444Ru50,
96
46Pd50,
148
66 Dy82, and
152
70 Yb82. They started from pp+nn
pair field generated by a δ-force, the strength of which was adjusted to the even-odd mass differences
in the standard way. In addition they took into account a δ-force np interaction in the particle-hole
channel, the strength of which was adjusted the experimental position of the GT resonance. The third
ingredient was a δ-force np pair interaction. The ratio between its isoscalar and isovector parts was
assumed to be 0.6, which is close to 0.66 used by Gezerlis, Bertsch, and Luo [80](see Section 2.4.3). The
total strength of the np pair interaction was adjusted to reproduce the experimental Gamow-Teller β+
decay strength in the considered nuclei. The measured β+ GT strengths could be reproduced with an
accuracy of about 10%. The experimental lifetimes for the 2νβ+β+ decays of 130Te and 82Se could be
reproduced by a choice of the constant for the np pair interaction that agreed with the value determined
from the β+ decay within 10%. The authors point out the extreme sensitivity of the 2νβ+β+ matrix
element to the strength of the np pair interaction, which in the light of their work appears to be a
promising indicator of the strength of the dynamical isoscalar pair correlations.
It is gratifying that the resulting constant for isovector np interaction nearly agrees with the constants
for the pp and nn interactions, i. e. that the pair interaction is isospin invariant with good accuracy.
The final value of the matrix element results from the balance of competing mechanisms [160]. The β+
matrix element inN > Z nuclei is strongly hindered by the neutrons blocking the available single particle
states into which the proton may decay (Pauli blocking). It is therefore susceptible to correlations. The
isovector pair correlations enhance it, because they smear out the Fermi surface alleviating the Pauli
blocking. The particle-hole correlation reduce it, because they draw GT strength from the low-energy
region into the GT resonance. The dynamical isoscalar np pair correlation reduce it by a comparable
amount. They are strong, because the nuclei are not far below the phase transition where the isoscalar
pair field appears, which is the region somewhat below x = 0 in Fig. 49. In the framework of the QRPA
the reduction is caused by a substantial cancellation of the contributions from the forward amplitudes by
the contributions from the backward amplitudes, which are a measure of the dynamical correlations in
the ground state. Since the QRPA becomes an unreliable approximation close to the point of instability,
the authors used a renormalized version of QRPA (RQRPA) in the actual calculations. They took the
good agreementt with the exact matrix element in a j-shell in Fig. 49 as evidence for the RQRPA being
a reliable approximation for the transition region.
A reliable description of 2νβ+β+ process is of great interest because the nuclear structure that
determines its strength is very similar to the one that governs the hypothetical 0νβ+β+ decay (neutrino-
less double β decay), the possible existence of which is of central importance for particle physics. The
nuclear structure aspects have been recently analyzed by Sˇimkovic et al. [163], where earlier work is
cited. The isoscalar and isovector pair correlations have a significant influence on the size of the 0νβ+β+
matrix element.
The GT β transition probabilities have been studied in the framework of the QRPA by several
authors. Typically they start from a deformed mean field Hamiltonian Hmf that includes pp and nn
pairing and add separable residual interactions in the particle-hole channel (ph) and in the particle-
particle channel (pp),
H = Hmf + V
ph
GT + V
pp
GT , (63)
V phGT = 2χ
ph
GT
∑
K
(−)Kβ+Kβ−−K , β+K =
∑
jm,j′m′
〈jm|σK |j′m′〉n†jmpj′m′ (64)
V ppGT = −2κppGT
∑
K
(−)KD+KD−K , D+K =
∑
jm,j′m′
(−)j−m〈jm|σK |j′m′〉n†j′m′p†j−m. (65)
Here, β+K are the GT transition operators and D
+
K the isoscalar pair operators (26), up to a normalization
constant. First the strength of the particle-hole interaction χphGT is adjusted to the position of the GT
resonance or derived from the interaction that generates the average potential. Then the strength of
the particle-particle interaction κphGT is tuned to reproduce the measured transition rates. The pair
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Figure 49: The 2νβ+β+ decay matrix element M2νGT vs. gpp/gpair = (1− x)/(1 + x). The exact results
are denoted by the solid line, the RQRPA results by the dashed line, and the QRPA results by the
dotted line. Calculated for Ω = 12, N = 12, S = 0, T = 4. From [10].
interaction influences the GT transitions rates in a different way than the above discussed 2νβ+β+
rates. Due to the finite Qβ value, only a relatively small low-energy tail of the GT strength function
contributes to the decay rate. The attractive isoscalar pair interaction pulls GT strength into this
region, which increases the transition probability. As discussed above, it decreases the total summed
GT strength. The reduction is located at higher energy, in the region of the GT resonance (see Fig.
51). The sum over the intermediate states in the 2νβ+β+ decay explores this high-energy region as
well, which results in a reduction.
Homma et al. [164] used a modified oscillator potential and adjusted χphGT to the experimental position
of the GT resonance in 48Ca, 90Zr, and 208Pb, which gave χphGT = 5.2A
−0.7MeV and κppGT = 0.58A
−0.7MeV.
They calculated the lifetimes of all nuclei with A < 150 for which experimental values were known and
could reproduce the lifetimes for 90% of the nuclides within a factor of 10 and for 50% within a factor
of 2. Their isoscalar coupling constant is about one half of the critical value where the QRPA breaks
down. Mo¨ller et al. [165] used a folded Yukawa potential and adopted χphGT = 23A
−1MeV, which is
adjusted to the GT resonance in 208Pb only. They did not find it necessary to include a np interaction
in the particle-particle channel, i. e. they assumedκppGT = 0. They calculated a table of lifetimes and
further properties that are important for astrophysical applications for all nuclides between the proton
and neutron drip lines. The root mean square of the difference between the decimal logarithm of the
calculated and experimental lifetimes ranges from 3 for T1/2 < 1s to 70 s for 100s < T1/2 < 1000s.
Sarriguren et al. [166] used the Skyrme energy density functional SG2 from which they derived the
coupling constant χphGT individually for each of the considered nuclei. The SG2 functional reproduces
well the position and strength of the GT resonance. For nuclei near the N = Z line the coupling
constant κppGT = 0.07MeV was adopted, which is 70% of the critical value. They were able to reproduce
the experimental lifetimes of 64,66,68Se, 68,70,72Ge, 72,74,76Kr, and 76,78,80Sr within a factor of 10. In a
subsequent study, Sarriguren [167] changed to the Sly and Sk3 Skyrme functionals, used the separable
interactions (63) with χphGT=0.17MeV, and readjusted κ
pp
GT = 0.03MeV (30% of the critical value). The
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Figure 50: Experimental (black color) and calculated (red color) single level B(GT ) and accumulated
B(GT ) values for the β+ decay 62Ge → 62Ga: left panels with the Shell Model calculations using the
KB3G interaction and right panels with the QRPA approach of Ref. [167]. Experimental uncertainty
corridors are indicated in gray. From Ref. [171].
calculations very well reproduce the experimental cumulative GT strength as function of the excitation
energy for the nuclides 72,74Kr, 76Sr, and 62Ge displayed in Fig. 50. Engel et al. [168] calculated β−
GT transition probabilities in neutron-rich nuclei by combining the Skyrme HFB with QRPA, where
the residual interaction in the particle-hole channel was fixed by deriving it self-consistently from the
Skyrme energy density functional SKO’. They used a finite range T = 0 pairing interaction, the strength
of which was adjusted to the experimental transition probabilities. Including it removed the systematic
underestimate of the lifetimes by a factor of 2-5. They pointed out that the resulting strength of the np
pair interaction is strongly correlated with strength of the relevant part of the particle-hole interaction,
which is not very well accounted for by the Skyrme functionals. (The Migdal parameter g′0 = 0.8
obtained from SKO’ is to be compared to the experimental value of 1.8.) Their strength of the T = 0
pairing interaction is about one half of the critical value.
Kaneko and Hasegawa [169] carried out QRPA calculations based on their EPQQ Hamiltonian
(see Section 2.2.1). They found only a very weak dependence of the summed low-energy GT strength
on the parameter k0, which controls strength of their isoscalar interaction. They attributed this to
the inaccuracies of the QRPA, because the special choice of their T = 0 interaction does not induce
np pair correlations. The reproduced the experimental GT strength of 48,5022 Ti26,28,
54,56
26 Fe28,30,
59
27Co32,
and 58,60,62,6428 Ni30,32,34,36 within a factor of 2 and the 2νβ
+β+ strength M2νGT of
76
32Ge44 and
82
34Se48 with
an accuracy better than 30%. Their calculations should be considered as excluding T = 0 np pair
correlations.
Very recently, Fujita et al. [170] carried out a detailed study of GT excitations for mass number
A = 42,46,50, and 54 using the (3He, t) reaction at the RCNP Facility in Osaka. Of particular interest
to us, are the results observed for the charge exchange reaction from the gs of 42Ca to 42Sc. The GT
66
strength for this case appears to be concentrated in the lowest 1+ state at 0.611 MeV which the authors
interpret as a restoration of the SU(4) symmetry in the form of a low-lying collective GT phonon. Shell
model calculations with the Kuo-Brown interaction seem to account for the data rather well. With only
two valence particles outside closed shells, the direct implication of this observation on the existence of
an isoscalar condensate is not clear and shell model indicators do not signal such a condensate. The
interpretation of this 1+ state as an isoscalar phonon, seems at variance with the large B(M1, 1+ → 0+)
which is well described by a [νf7/2-pif7/2]
1+ configuration [157] and other properties to be discussed in
Sections 7 and 8. Moreover, low-lying single-particle levels in 41Ca and 41Sc are consistent with jj-
rather than LS-coupling. One cannot but notice in Fig. 48 that in the SU(4) limit, the single-l model
predicts very small values of the total B(GT ).
Grodner et al. [171] reported the first study of the GT decay of the 62Ge T = 1, 0+ ground state
into excited states of 62Ga. The experiment was performed at GSI using the Fragment Separator and
the RISING Ge-array coupled to an active implantation setup. The distribution of the cumulative GT
strength for the decay of 62Ge to 62Ga, which is the heaviest odd-odd N = Z nucleus investigated via
GT decays to date, is shown in Fig. 50. The authors carried out Shell Model calculations using the
KB3G effective interaction and QRPA calculations based on the method of Ref. [167]. As seen in the
figure, there is very good agreement between experimental data and theoretical calculations.
Iachello [173] and Halse and Barrett [174] postulated the existence of np coherent pairs (bosons).
They studied their role in β-decay within the framework of the phenomenological IBM4 model and
pointed out the enhancement of that transition. They predicted super allowed GT transitions with log-
ft values less than four. According to these predictions the Gamow-Teller (GT) β-decay rates between
the ground state of an even-even N + 2 = Z nucleus and the lowest 1+ state in its odd-odd N = Z
daughter nucleus can provide a fingerprint of T = 0 pairing. Contrary to their predictions, the measured
B(GT ) = 0.070(0.017)g2A/4pi value for the first 1+ state is 40 times smaller than the value of the IBM4
model, which assumes the presence of an T = 0 pairing condensate. As shown in Fig. 48, within the
schematic model of one j-shell [10] one also expects that the presence of an isoscalar pair field would
strongly enhance the GT strength (compared, for example, to the Ikeda sum rule). Moreover, the
increase of the GT strength with MT , which characterizes the isoscalar regime (x < 0) (see Figs. 47
and 48) is not observed. In contrast, the observed decrease is characteristic for the isovector regime
(x > 0).
The GT transition operator is related the isovector spin part of the magnetic moment by rotations
in isospin space, which change t0 → (t1 ± t−1)/
√
2 . As discussed in the previous Section 5, the static
and transition magnetic moments of the low-lying 1+ states in odd-odd N = Z, which are the final
states of the GT decay, are well accounted for by considering them as two-quasiparticle excitations
composed of the one-quasiparticle states observed in the odd-A neighbors. The related GT matrix
element should then be determined by the spin parts of the quasiparticles in the odd-A neighbors. The
measured B(GT ) value is below the estimate based on the assumption of a two-quasiparticle structure
of the 1+ states in 62Ga.
The discussed microscopic studies of the GT decay, which presume that there is no isoscalar pair
condensate, account well for the experimental data. As discussed above, the absence of an isoscalar
pair condensate is not surprising due to the strong quenching effect of the spin-orbit splitting. The data
seem to point to the presence of dynamical isoscalar np pair correlations, the strength of which is still
uncertain. Whereas the 2νβ+β+ data are accounted for by relatively strong correlations with a T = 0
pair interaction strength close to the critical value, the β data are better accounted for by weaker or
even zero correlations of this type. The main source of uncertainty is the strong correlation between
np interaction in the particle-hole channel, which decreases the low-energy GT strength, and the np
isoscalar pair interaction, which increases it. In order to disentangle the two effects, it seems useful to
analyze GT strength at high-excitation energy. For example, Bai et al. [172] have recently studied GT
states in N = Z nuclei with the mass number A from 48 to 64 by means of QRPA based on a Skyrme
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Figure 51: GT strength in 48Cr, 56Ni and 64Ge by HFB+QRPA with the Skyrme interaction from
Ref. [175].
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energy density functional and a contact pairing force with an adjustable T = 0 part. An example of
their results is displayed in Fig. 51. The calculations demonstrate the shift of GT strength toward
low energy with increasing strength of the T = 0 force, which is determined by the factor f . However,
in looking at the results for 56Ni, which are compared to data obtained at RIKEN [175], we believe
that the discrepancy between theory and experiment is still too substantial that one can quantify the
low-energy enhancement caused by T = 0 pair correlations.
The GT strength has been studied in the framework of the Shell Model as well. The various
experimental data are well accounted for provided that the GT matrix element is attenuated by a
quenching factor of 0.75 (see eg. [18, 176]). The same quenching factor brings the calculated magnetic
dipole strength, which is closely related to the GT strength by rotation in isospace, into agreement
with experiment. This consistency indicates that the reduction is caused by correlations that are
beyond the configuration space of the Shell Model [177]. The same quenching factor is needed in the
discussed QRPA calculations for the GT strength and in QRPA calculations for the M1 strength in
order to account for the experimental data. Fig. 50 demonstrates that the SM calculation using the
KB3G interaction in the configuration space of the pf shell very well reproduces the experimental low-
energy GT+ strength. Having in mind the discussed sensitivity of this quantity to the isoscalar pair
correlations, the agreement supports the confidence in this interaction producing a realistic amount of
isoscalar pair correlations. Petermann et al. [178] calculated the GT− strength using the same Shell
Model Hamiltonian and configuration space. Since the total GT− strength S− is related to the total
GT+ strength S+ by the Ikeda sum rule S− − S+ = 3(N − Z) one expects S− to be as sensitive to
the isoscalar pair correlations as S+. The authors found fair agreement with the experimental values
of the accumulated strength B(GT−) for 46Ti, 50Cr and 54Cr obtained from (3He, t) charge exchange
reactions, which can taken as complementary evidence that their interaction may provide a realistic
estimate of the isoscalar pair correlation strength. In particular, the calculations along with the data
contradict the concentration of the strength in a single low-lying state of the daughter nucleus, which
the phenomenological IBM4 model predicts as a consequence of an approximate SU(4) symmetry caused
by the presumed strong isoscalar pair correlation [173,174]. As discussed in Section 2.2.1, the analysis
of the pair correlation strength generated by this interaction in the pf shell indicates the coexistence of a
strong isovector component with a moderate isoscalar one, which is consistent with the above discussed
scenario of moderate vibrational isoscalar pair correlations on top of the isovector pair condensate.
Petrovici et al. [179] calculated the GT strength for the β+ decay of the astrophysical relevant
nuclides 6834Se34 and
72
36Kr36 in the frame work of the Complex Excited Vampir approach. In the case
of Kr, good agreement with with the data (comparable with the calculations shown in Fig. 50) was
found. As discussed in Section 2.5, the analysis of the wave functions of N ≈ Z indicated the presence
of isoscalar pair correlations with a strength of about 1/3 of the isovector strength.
In summary, it appears that correlations induced by the isoscalar pair interaction in the QRPA
and Shell Model calculations for the GT strength do not indicate the presence of a T = 0 isoscalar
condensate. Rather they seem to generate a pair vibrational resonance, which is fragmented among the
surrounding particle-hole states. This type of pairing structure remains to be explored, by calculating
the two-particle transfer strength, for example within the QRPA approach.
7 Pairing vibrations
Near closed shells, the strength of the pairing force relative to the single-particle level spacing is expected
to be less than the critical value for the existence of a pair condensate, and the pairing field then gives
rise to a collective phonon [180] (see Section 2.1).
It seems natural to ask whether T = 0 collective effects may show as a vibrational phonon. As
discussed in 2.1.2, one can estimate the frequency of these modes within the framework of a two `-shell
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model [181],
h¯ωT = D
√
1− yT , yT = 2GTΩ/D = GT/Gcrit (66)
in terms of the pairing strenghts GT , the degeneracy Ω, and the single-particle energy spacing D.
Clearly, the larger yT , the stronger the correlations.
The role of isospin in the pairing vibrations around 56Ni was initially discussed by Bohr and Nathan
[182, 183]. A detailed analysis was presented in the review article by Be`s et al. [184], but the role
of T = 0 collective pairing remained unclear. With this in mind, Macchiavelli et al. re-visited the
excitation spectrum around the doubly closed-shell N = Z nucleus 56Ni [185]. They used 56Ni as
reference and considered only even A (even-even or odd-odd) nuclei. The excitation energy of a state
of isospin T in a given nucleus A,Z is obtained from
Ex(A, T,MT ) = BEexp − Surf(A)− Coul(A,MT )− Sym(A, T )− λ(A− 56)− E0. (67)
In this equation BEexp includes both the ground-state binding energy and, if applicable, the relative
excitation energy of the state under consideration from the ENSDF database. They used for the surface
energy Surf(A) = −17.3MeVA2/3, for the Coulomb term Coul(A) = −0.65MeV(A/2−MT )2/A1/3 and
the symmetry energy Sym(A, T ) = −75MeVT (T+1)/A. The volume term enters through the coefficient
λ = 15.55MeV which is adjusted to give the same frequency for the addition and removal phonons [182]
and, equivalently, sets the Fermi surface in the middle of the N = Z = 28 shell gap around 56Ni. Finally,
E0 is chosen such that Ex(56, 0, 0) = 0. The subtraction of average properties (including an average
symmetry term) leaves, in principle, only those effects associated with pairing and shell structure and
can be compared directly with the harmonic spectrum discussed above and shown in Fig. 52. Their
method differs slightly from that of Refs. [180, 182], mainly in the subtraction of the full symmetry
energy term. They thus checked the procedure for nuclei around 208Pb and obtained for the neutron
pairing vibrational phonon h¯ω ≈ 2.3MeV, in good agreement with the analysis presented in [186]. In our
opinion, this subtraction procedure is the proper one to generate an excitation spectra whose properties
can be, at least qualitatively, explained by the phonon frequencies in Eq. (66).
The excitation spectrum derived from the experimental data is shown in Fig. 52. The average
energy of the A = 58 isobaric multiplet gives the frequency of the T = 1 phonon at h¯ω1 ≈ 1.5MeV.
With a typical single-particle level spacing energy D ≈ 4 − 5 MeV in this region we obtain from Eq.
(66) a qualitative estimate of G1/Gcrit ≈ 0.9 suggesting a strong collective character of the vibration.
Similarly, the lowest T = 0, 1+ state in 58Cu is obtained from 56Ni by the addition of the isoscalar T = 0
phonon and, therefore, defines the frequency for this mode. It is obvious by simple inspection of the data
that this excitation is much higher than for T = 1. In terms of the phonon picture, h¯ω0 ≈ 4MeV, which
translates into G0/Gcrit < 0.2 and implies, in contrast to the T = 1 case, weak collective correlations
for T = 0 pairing.
The rather soft character of the isovector addition and removal modes, having G1 ∼ Gcrit, suggests
that the multi-phonon system is the precursor of developing a permanent deformation in gauge space
and isospace. On the contrary, the isoscalar excitations reflect a weak collectivity , G0/Gcrit << 1,
closer to single-particle nature. Based on these observations, one envisions a coupling scheme whereby
the ground state of any even-even nucleus is a correlated state of T = 1 pairs maximally aligned in
isospace, i.e. |A, (T = |MT |),MT >. In the neighboring odd-odd systems we have two options: i) the
|A ± 2, (T = |MT | + 1),MT > state with one extra np(T = 1) pair and the same pairing correlation
properties as the even-even core; and ii) the |A ± 2, (T = |MT |),MT > state, which is equivalent to
the core plus a np(T = 0) pair, i.e. a |A, (T = |MT |),MT > ⊗ np(T = 0). As discussed in Section
5, the analysis of the magnetic properties of these 1+ states suggests that they have two-quasiparticle
character.
Be`s and Civitarese [187], have extended the theoretical description of pairing phonons T = 0, J = 1
and T = 1, J = 0 around 56Ni by including on the same footing a T = 1, J = 1+ GT phonon and
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Figure 52: Experimental excitation spectrum for addition phonons around 56Ni. The excitation
energies are derived from experimental binding energies and the subtraction of average volume, surface,
Coulomb, and symmetry terms. Ground states are represented by a thicker line, and members of an
isobaric multiplet are joined by thin lines. Levels in grey are in odd-odd nuclei.
Table 6: Properties of pairing vibration phonons from Ref. [185].
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their couplings. The experimental information on isospin-spin excitations around 58Ni was analyzed
and found that the proposed coupling scheme accounts for a sizable amount of the strength associated
with isospin-spin excitations, which include transitions to both one- and two-phonon states. It would
be interesting to apply this approach to the recent data in Ref. [170].
Yoshida [188] carried out RPA calculations to describe the pair-addition and pair-removal modes
of the double magic nuclei 40Ca and 56Ni. The author used the mean field generated by the SGII
Skyrme energy density functional and a zero-range pairing interaction that depends on the density.
The isovector strength of the δ-force was fixed by adjusting the HBFB values of ∆n and ∆p to the
experiential even-odd mass differences. The ratio between the isoscalar and isovector strengths was
treated as a free parameter. With a ratio of about 1.3, energy differences between the isoscalar and
isovector modes come close to the experimental energy differences between the 1+ and 0+ in the adjacent
N = Z odd-odd nuclei. With this choice of the pairing interaction, the transfer strength to isoscalar
mode indicates substantial collectivity, comparable with the collectivity of the isovector mode. However,
as shown in Fig. 57 for 42Sc, the experimental ratio of the transfer cross section σ(1+)/σ(0+) ≈ 3/4
corresponds to a ratio of 1/4 for one of the angular momentum projections of the 1+ state, which is much
smaller than the calculated ratio of 1.2. As discussed in Section 3.1, the energy difference between the
1+ and 0+ state is very sensitive to the value of the symmetry energy coefficient. The calculated mean
value of the frequencies of the isovector pair-removal and pair addition modes for 40Ca is 3.2 MeV is
lower than the experimental value B(20, 20)− (B(19, 19) +B(21, 21))/2 = 4.4MeV . This may indicate
that the symmetry energy coefficient is underestimated, and the strength of the isoscalar interaction
must be increased to maintain the experimental energy difference between the 1+ and 0+ states.
8 Two-particle transfer
Resorting again on the analogy to the familiar case of quadrupole shape fluctuations, where an impor-
tant measure of the collective effects is provided by the reduced transition probabilities , B(E2), one
can associate a similar role to the transition operator
〈
f‖P †‖i
〉
(See Section 2) describing a two-particle
transfer process. As shown in the discussion of simple models, this transition operator could be asso-
ciated with the ”order parameter” describing the phase transition between a normal and a superfluid
state of a macroscopic system. In fact two-nucleon transfer reactions such as (t, p) and (p, t) reactions,
provided a unique tool to understand pairing correlations in nuclei [189].
Schematically the behavior of the two-nucleon transfer cross section between the ground states of
nuclei A and (A+2) when pairing correlations are present, will be as follows: Near closed shells, the
system is characterized by an harmonic vibrational pattern and the cross section is proportional to
the number of phonons with an enhancement of the order of the single particle degeneracy Ω. As
more phonons are added, there is a transition to a BCS-like ground state containing a pair condensate
that breaks gauge symmetry and isotropy in isospace. The cross sections are now rather constant and
enhanced by Ω2, namely of order (∆/G)2. The change of the transfer strength from the pair vibrational
to the pair rotational pattern is discussed in the context of Fig. 4 in Section 2.
Earlier systematic analysis of two-neutron (L = 0) transfer reactions using Ca and Ni isotopes by
Bayman and Hintz [190] found the data consistent with a picture involving configuration mixing induced
by simple pairing degrees of freedom of the extra core neutrons. The authors considered six shells: 2s1/2
through 1f 5/2 for Ca and five shells: 1f7/2 through 1g9/2 for Ni, and diagonalized a pairing force between
states of seniority zero. The resulting ground state wave-functions were used in DWBA calculations
showing good agreement with single-particle data and (p, t) and (t, p) reactions. Further work by Be`s
et al. provided conclusive evidence for isovector pairing in the form of pairing vibrations [183,184]
As discussed earlier, the rapid quenching of np pairs as one moves away from N = Z suggests that
the addition or removal of an np pair from even-even to the lowest 0+ and 1+ states in odd-odd self
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Figure 53: Schematic diagram depicting the use of two-particle transfer (np) reactions to study np
correlations.
Figure 54: Schematic diagram depicting
the behavior of the 2-nucleon transfer cross-
sections.
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Figure 55: Ratio of number of pairs of a
given spin in the ground state of 44Ti as a
function of the relative strength of T=0 vs.
T=1 pairing, measured by the parameter x.
Pure Isoscalar corresponds to x=0 and pure
Isovector x=1.
conjugate nuclei stands out as the best tool to study np pairing correlations (cf. Fig. 53). This can
be accomplished by stripping or pick-up reactions transferring a np pair, like for example (3He, p).
The enhancement of deuteron transfer reactions by np pairing was first addressed by Fro¨bich [191] who
predicted an increase of ≈ 2.5 in the cross-section over the single-particle estimate. More recently, Van
Isacker et al. [192] studied the effect in the framework of the IBM model and independently concluded
that the transfer intensities should reflect the nature of the ground state condensates as illustrated in
Table 7, which shows the transfer amplitudes to scale like the number of bosons, Nb for the dominant
channel.
While absolute cross-section values are always desirable, the ratio σ(0+)/σ(1+) itself gives a measure
of the pairing collectivity in the respective channels. Not requiring corrections due to kinematic effects,
the relative measurements can be compared directly with those expected for independent nucleon trans-
fer. This is illustrated schematically in Fig. 55 showing the ratio in the number of pairs of angular
momentum J = 0, 1 and 2 in the ground state of 44Ti as a function of a parameter x, that measures
the relative strengths of the T = 0 vs. T = 1 pairing forces . As mentioned earlier, the calculations
were performed following the formalism described in Ref. [154]. Although not all completely due to the
correlation aspects, there is a strong dependence of this ratio with x. Naturally, cross sections will scale
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Table 7: Expected dependence of the np transfer amplitudes as calculated in Ref. [192]. The SU(4)
limit corresponds to b/a = 0, the isovector limit to b/a >> 1, and the isoscalar limit to b/a << −1.
with the number of pairs.
With 40Ca being the last stable N = Z nucleus, the transfer reactions have to be studied in reverse
kinematics as required for radioactive beams. Following from the argument that larger single-particle
degeneracies Ω provide a better opportunity to develop collective effects, the study of two-nucleon
transfer reactions in heavier N = Z systems will be a unique program to elucidate the role of the
collective properties of isoscalar pairing. Of possible reactions such as (d, α), (α, d), (p,3He), (3He, p),
etc. the latter offers clear advantages due to energy and kinematic considerations but, more importantly,
because ∆T = 0, 1 are allowed. In this way both low lying 0+ and 1+ states in odd-odd self conjugate
nuclei will be populated. Here we briefly report on recent work by Macchiavelli et al. [193], carried out
at the ATLAS facility in Argonne National Laboratory. Similar experiments are planned at GANIL
and HIE-ISOLDE [194,195].
The proof of principle of the technique was done using stable beams of 28Si, 32S, 36Ar, and 40Ca, and
a first successful application with a radioactive beam of 44Ti. Preliminary results are presented in Fig.
56 , showing the proton spectra to final states in 46V observed in two groups of rings of the S1 detectors.
We estimated a cross section for the transition to the ground state of ≈ 1mb/str at forward angles in the
center of mass system, which is in line with results in 40Ca. The labels indicate tentative assignments
for the different proton groups within the fp shell, as suggested by their energies and relative intensities.
As discussed earlier, we look at the ratio σ(0+)/σ(1+). The systematics for nuclei up to 40Ca is
shown in Fig. 57. The data for the (3He, p) and (t, p) reactions was derived from ENSDF. The trend of
the experimental data is shown by the red and black lines and included for reference, a single-particle
estimate (blue line) and the isovector superfluid limit (green line). This is in analogy to a Weisskopf unit
for electromagnetic transitions. This estimate takes into account the spin factor of the final state (0 vs.
1), the probability of finding the np pair in 3He in a T = 0 or T = 1 state, and finally the probability
that this pair is in an L = 0 state in the j2 configuration. There is some enhancement of the ratio
over the single-particle limit, which can be ascribed to the T = 1 pair correlations. The grey bar is the
preliminary result for the 44Ti. The measured ratio lies close to the value expected within the vibrational
scheme (orange line). With 44Ti interpreted as a two isovector- phonon state on the doubly magic 40Ca
and the observed ratios in 42Sc the expected enhancement is σ(0+)/σ(1+)46V ≈ 3σ(0+)/σ(1+)42Sc ≈ 2.
Also for reference, the isovector superfluid limit is shown with the green line.
An inspection of the available data on stable targets up to 40Ca recognizes the need for revisiting
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Figure 56: Proton spectra for the 44Ti(3He, p)46V reaction, obtained by selecting recoils with the FMA
and after kinematic correction of the energies.
Figure 57: Systematics of the experimental ratio σ(0+)/σ(1+) between the cross sections for transfer
of a T = 1, J = 0 and a T = 0, J = 1 np pair for nuclei up to 40Ca. For comparison, the ratios derived
from the (t, p) reactions are also shown, as they are related to each other due to isospin invariance. The
preliminary result for the 44Ti experiment is shown as a grey bar. Single-particle (blue) and superfluid
(T = 1) (green) limits are indicated as references. The orange line above A = 40 shows the pair
vibrational estimate, which assumes collective isovector phonons and no collective enhancement for the
isoscalar transfer amplitude.
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Figure 58: Expected rates of N = Z beams at several facilities and the required intensities for these
type of studies.
these earlier measurements. It is important that new, high quality data taken with the same equipment
and kinematic conditions will become available. A common analysis framework could then be used to
establish a definite baseline of the effects on stable nuclei before embarking in a major program with
radioactive beams. A series of experiments addressing these issues have recently started at the RCNP
facility in Osaka-Japan [198].
Clearly, the study of two-nucleon transfer reactions in heavier N = Z systems will constitute a
unique program to elucidate the role of the collective properties of isoscalar pairing. With available
beam intensities, these experiments are currently very challenging but studies of a few favorable cases
are underway. Definitely, the study of these reactions from 40Ca to 100Sn will play a prominent part in
the scientific portfolio of the new generation of rare-isotope facilities around the world. It is interesting
to anticipate how far we can go along the N = Z based on current expectations of beam intensities
that will be available at new facilities. This is illustrated in Fig. 58 where the required intensity limits
for typical setups are compared. The region up to A=90 may be experimentally accessible.
High-energy beams that will be available at fragmentation facilities in Japan (RIKEN), Europe
(FAIR) and the US (FRIB) could further extend the reach of np-pairing studies because of the higher
luminosity for the secondary N = Z beams. It is interesting then to consider the use of np knock-out
reactions as an additional tool. The contribution of Simpson and Tostevin in Ref. [3] addressed the
role of pair correlations in this type of reactions. Here, we briefly speculate on the complementary role
to that of two-nucleon transfer. In such a reaction a spatially correlated np pair in the projectile is
knocked-out by the target (usually Be or C ) as illustrated on the left side of Fig. 59. To the right, the
schematic form-factor for the knock-out of the np pair shows a clear enhancement in the surface, due
to the strong absorption in the interior. However, compared to the case of (3He, p) or (p,3He) where
the pair is required to be in a relative S state, the knock-out process being less selective, allows for
both S− and P−wave contributions to the cross-section. This is of course relevant to the conclusions
of Baroni et al. [15] discussed in Section 2.1.4 regarding the important (repulsive) role of the P−waves
in modifying the pairing matrix elements in both T = 0 and T = 1 channels.
As pointed out earlier, it appears that the isoscalar pairing force interaction is not strong enough to
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Figure 59: Schematic Form-factor for the knockout of an np pair. The principal (N, n) and angular
momentum (Λ, λ) numbers correspond to the center of mass and relative motion of the pair.
give rise to a T = 0 isoscalar condensate. Thus, the collective aspects may reveal themselves in the form
of pair vibrational resonances, which will be fragmented among the surrounding quasi-particle states
background. It would be desirable, for example, to calculate the two-particle transfer strength within
the QRPA approach, to guide the experimental exploration of this pairing structure with the reactions
discussed above.
9 Summary, conclusions, and outlook
Pairing in exotic nuclei is a subject of active research in nuclear physics, and one with implications in
many areas of physics. Of particular interest for our community is to asses the role of isovector and
isoscalar ”Cooper pairs” composed of a neutron and a proton, which are expected to occur in N ≈ Z
nuclei. They represent a unique opportunity to study the competition of spin singlet and triplet pairing
in fermion systems. Since this is an area of much activity it would have been a daunting task to cover all
aspects in great detail in this manuscript. Rather, we have reviewed the current theoretical knowledge
of the problem, placing special emphasis on those topics that have a direct connection with experimental
data. We discussed possible signatures of np pairing and confronted the available experimental data
with state of the art theoretical expectations.
There is clear evidence for the existence of an isovector np pair condensate in N ≈ Z with the
strength required by the isospin invariance of the strong nuclear force. In N = Z nuclei its strength is
equal to the strength of the nn and pp condensates, where the summed strength of the pp, np, and nn
channels is about same as in nuclei with N >> Z. This conclusion is based on the following qualitative
observations that characterize a T = 1, J = 0 np pair condensate:
• The binding energies show the characteristic T (T+1) isorotational dependence on T , which signals
the presence of an isovector pair condensate that rotates in isospace. Such rotation implies the
existence of a np condensate on equal footing with the nn and pp condensates.
• After subtraction of the isorotational energy, the intrinsic binding energies of lowest T = 1 states
in odd-odd N = Z nuclei are approximately equal to the mean values of the ground states of
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their N = Z even-even neighbors, i. e. the T = 1 np pairs smoothly blend into the isovector
condensate.
• The matrix elements for transfer of an isovector pn pair between N = Z nuclei show the expected
enhancement and the characteristic isorotational pattern.
• The excitation spectra of N ≈ Z nuclei can be interpreted as a combination of isorotational energy
and intrinsic isovector quasiparticle energy.
• The binding energies of the even-A nuclides around the double magic nuclei 4020Ca20 and 5628Ni28
organize into a pattern of soft T = 1 J = 0 pair vibrational excitations, which represents the
precursor of the isovector pair condensate appearing further in the open shell.
• The moments of inertia of (spatial) rotational bands in N ≈ Z nuclei show the characteristic
reduction by the isovector pair condensate, which is quenched with increasing angular momentum.
These qualitative features of the isovector condensate are quantified by the success of various ap-
proaches (Phenomenological, Cranked Mean Field, Mean Field combined with Random Phase Ap-
proximation, Projected Shell Model, Excited Vampir), which incorporate our knowledge about the
like-particle isovector pair correlations in N >> Z nuclei. The analysis of the large-scale Shell Model
calculations lead to the same conclusions.
The concept of spontaneous breaking of isospin symmetry by the isovector pair condensate is of
central importance. It is reflected by the appearance of rotational motion in isospace and the possibility
to describe the structure of N ≈ Z nuclei in terms of isorotational excitations based on the intrinsic
configurations of the quasiparticles that belong to the isovector pair field. This considerably simplifies
theoretical approaches. As a first approximation, one can stay on the level of the mean field. The
isorotational energy is automatically included in the Cranked Hartree-Fock-Bogoliubov approximation,
because the standard particle number constrains realize cranking in isospace. The quantum corrections
due to isospin conservation can be taken into account in a qualitative way by replacing the constraint
(N − Z)/2 on the expectation value of the isospin projection Tz by
√
T (T + 1). Within this frame,
the rotational spectra of N ≈ Z nuclei have been described with the same accuracy as for N >> Z
nuclei. Clearly there is need for improvement concerning the restoration of isospin. The formalism for
isospin projection has been worked out and tested against schematic models for which exact solutions
are known. So far only the approximate restoration of isospin in the framework of the Random Phase
Approximation has been applied to realistic nuclei
The T (T + 1) dependence of the symmetry energy on T = MT = |N −Z|/2, which is a key element
for the success of the various isovector only scenarios, appears as a natural consequence of the existence
of isorotational bands. This form of the symmetry energy approximates very well the experimental
binding energies, and accounts for the extra binding of the N = Z nuclei (Wigner energy). Combining
the symmetry energy with isovector pairing explain the energy difference between the lowest T = 1
and T = 0 states in odd-odd N = Z nuclei without the need of introducing additional correlations
and adjustable parameters. Fluctuations of the binding energies around the average T (T + 1) form
caused by the shell structure have been fairly well reproduced in the framework of the Random Phase
Approximation and a few-level configuration mixing approach, which neglect isoscalar pair correlations.
Though being rather successful, these approaches do not derive the T (T + 1) form for the symmetry
energy fully microscopically. Part of it comes from the isovector field, but part has to be phenomenolog-
ically introduced. The origin of the latter requires further theoretical studies. The breaking of isospin
invariance by the nuclear potential is a promising avenue to be explored. Thereby the question should
be addressed to what extend the genuine breaking of isospin symmetry by the Coulomb interaction will
modify the results obtained under the assumption of exact conservation of isospin symmetry.
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So far, by contrasting experimental data with theory, we have not found a ”smoking gun” for the
presence of strong collectivity in the T = 0 channel. On the contrary, the following evidence speaks
against the existence of an T = 0 J = 1 ”deuteron-like” pair condensate:
• The energy of lowest T = 0 state in odd-odd N = Z nuclei is systematically larger than the
average of the energies of their N = Z even-even neighbors, i. e. the added T = 0 pn pair cannot
blend into a T = 0 condensate, because it does not exist. The energy staggering is consistent with
interpreting the lowest T = 0 states as two-quasiparticle excitations of the isovector pair vacuum.
• The lowest T = 0 state in most odd-odd N = Z nuclei is ”spin-aligned”, i. e. its angular mo-
mentum is given by the sum of the ground-state spins of the odd-A neighbors, which is consistent
with interpreting them as two-quasiparticle configurations.
• The ”deuteron-like” 1+ states of odd-odd N = Z nuclei are in most cases found at an excitation
energy of 0.5 - 1 MeV. Their magnetic moments and transition probabilities for M1 γ-decay
are well accounted for by interpreting them as two-quasiparticle excitations of the isovector pair
vacuum.
• There is no evidence for a soft T = 0 pair vibration in the nuclides around the double magic nuclei
40
20Ca20 and
56
28Ni28, which were expected as precursors of an isoscalar condensate further out in the
open shell.
• The phenomenon of ”gapless superfluidity”, which characterizes the isoscalar condensate of spher-
ical nuclei, is not observed. All even-even N = Z nuclei have a gap of the order 24 MeVA−1/2
before the two-quasiparticle excitations start.
• The strong enhancement of the Gamov-Teller β-decay of N = Z nuclei, predicted for a condensate
of T = 0 bosons, is not observed.
Although the nuclear force is stronger in the T = 0 than in the T = 1 channel it seems not give
rise to a ”deuteron-like condensate” or collective pair modes. The spin-orbit splitting appears as the
main culprit that conspires against the isoscalar force and hinders its ability to generate collective pair
motion. It becomes more effective with increasing mass number. Isoscalar pair correlations in the mass
region 30 < A < 100 may happen in the form of a pairing phonon at the best. For lighter nuclei the
concepts of ”pair condensate” and ”pair vibrations” become questionable.
Mean field calculations using a realistic ratio of the coupling constants of the T = 0 and T = 1
interactions demonstrate in a quantitate way that with increasing mass the isovector solutions are
favored as a consequence of the spin-orbit splitting. Surprisingly, for A > 200 the isoscalar solutions
become favored, because the impact of the spin-orbit potential, which is located in the surface, decreases.
An island of isoscalar ground state solutions bordered by a shore of solutions with coexisting isoscalar
and isovector pair fields is predicted in the region around N = Z = 65. As a possible experimental
probe of this region, detailed spectroscopy following heavy-ion fusion evaporation reactions with proton
tagging could be considered. The nature of the low-lying excitation modes of these isospin mixed
condensates and whether they may decay by the emission of a deuteron are interesting questions that
theory should address.
At present, the limitations of the available experimental data, in particular of good pair transfer
cross sections, relegates the discussion of the strength of the isoscalar pair correlations to the realm
of theory. In contrast to isovector pairing, where the strength of the np correlations is tied to the
strength of the like-particle correlations by isospin invariance, the strength of the isoscalar correlations
depends on the T = 0 effective interaction within the considered valence space, which is an element of
uncertainty. In our view, attempts to estimate it by adding a tunable T = 0 interaction to models that
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take only isovector pairing into account and adjusting the coupling constant by fitting the experimental
binding energies have not led to much new insight, because either only an upper limit for the coupling
constant could be derived or the models missed contributions from isovector pairing that are of the
order of the isoscalar ones.
The fact that modern Shell Model codes are capable of calculating energies and other properties of
many of the N ≈ Z nuclei up to A = 100 makes such calculations an additional source of information,
complementary to experiment, about nuclear pair correlations: a simulation of experiment on the
computer. Such ”experiments” offer the opportunity to induce a phase transition from the unpaired to
the paired regime by means of scaling the relevant matrix elements, i.e. to have a control parameter at
disposal that is missing in experiments with real nuclei. The Invariant Correlation Entropy can be used
as a signal for the cross-over between the phases. Analyzing the large-scale Shell Model calculations for
real nuclei in this way and by means of pair-counting operators indicated the following. The isovector
pair correlations dominate in the ground state. The relative strengths of the isovector np, nn, and pp
correlations are close to the isorotational ratios (CGC of the group SO(3) , even closer are the CGC
of the group SO(5), which account for some modification of the condensate with T ). They are rapidly
quenched by spatial rotation. Coexisiting, there are ”deuteron-like” pair correlations, which weakly
change with angular momentum. In the ground state they are substantially weaker than the isovector
correlations but eventually prevail when the latter are diminished at higher angular momentum.
We have discussed the emergence of the isovector condensate and the ensuing consequences for
energies and pair transfer amplitudes in framework of simple models. The grand picture derived has
only partially confirmed by the existing analyses of the results of large-scale Shell Model calculations.
Thereby it seems important to come up with appropriate operators to be evaluated, which is yet an open
field. We consider the calculation of pair transfer amplitudes as essential. Another promising avenue
could be carrying out HFB and QRPA calculations using the same the effective interaction as in the
Shell Model calculations. In the case of the schematic models, comparing the approximate and exact
solutions allowed one to identify the pair vibrational regime, the region with the condensate present,
and the cross-over interval between them. Analyzing the large-scale Shell Model results in the same
way seems to be promising.
Mean field calculations using a realistic microscopically interactions found competing solutions with
exclusively T = 0 and T = 1 pair fields. Occasionally solutions with coexisting pair fields of the two
types were obtained as well. The existence of distinct mean field solutions must be interpreted with
care. There are substantial fluctuations of the pair fields, which become more and more important the
lighter the nuclei are. The existence of competing isovector and isoscalar mean field solutions should
be taken as evidence that true wave function is a mixture of components with the character of these
solutions. These mean field results could be used for characterizing the pair correlations in large-scale
Shell Model calculations along the mentioned lines. In the case of the lightest nuclei (A < 30) beyond-
mean field approaches are required for a more quantitative understanding. The Generator Coordinate
Method starting from the competing mean field solutions appears suitable.
Large-scale Shell Model calculations based on an effective interaction that is well tuned to the
experimental spectra are expected to provide the most realistic estimate of the strength of the isoscalar
pair correlations. However, there is no guarantee that this indeed the case. For example, the KB3 and
the EPQQ interactions describe the low-lying states of N ≈ Z nuclei with comparable accuracy. The
former induces the mentioned moderate isoscalar pair correlations while the latter does not generate
such correlations at all. Additional criteria should be invoked that place the effective interaction on a
more microscopic foundation.
The nature of correlations induced by the T = 0 interaction needs further clarification. For example,
the correlation between the enhanced binding energy of N = Z nuclei and strength of the T = 0
interaction found in Shell Model calculations does not necessarily signal the appearance of isoscalar
pair correlations. Rather it turned out to be an indirect consequence of the reduction of the symmetry
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energy coefficient. Another example is the appearance of a spin-aligned coupling scheme in N = Z
nuclei located at the bottom or top of a high-j subshell. It seems clear that the scheme is induced
by the strong preference the aligned orientation of the spins of a np pair by the T = 0 interaction.
However it is not clear whether and which type of isoscalar correlations are involved. The analysis of
angular momentum dependence of the yrast energies and of the Shell Model wave functions showed that
spin-aligned coupling scheme coexists with isovector pair correlations, rather then replacing the latter
as a kind of ”new phase”. Measuring the yrast energies of N = Z nuclei with A > 80 to higher angular
momentum and the lifetimes of electromagnetic transitions between them would be of great interest
for better understanding the spin-aligned coupling scheme and its transition to the more conventional
rotation of N = Z nuclei with 70 < A < 80.
Microscopic studies of the Gamov-Teller strength in β- and ββ-decay and charge exchange reactions
seem to call for moderate isoscalar pair correlations in order to account for the experimental data.
Definitely, they do not require the presence of an isoscalar pair condensate. Rather, the comparison of
QRPA calculations with data seem to point to the presence of dynamical isoscalar np pair correlations,
the strength of which is still strongly model dependent (in fact, some successful studies ignore them).
The major element of uncertainty are the correlations in the particle - hole channel, which have a
strong impact on the Gamov- Teller strength function. It is clear that more experimental data would
be desirable to further constrain the parameters of the theoretical models.
We have argued about the important role that two-nucleon transfer reactions and np knockout reac-
tions may play in the challenging endeavor of quantifying the strength of the isoscalar pair correlations.
As new instrumentation and radioactive beams along the N = Z line become available, it will be pos-
sible to study with these reactions the open-shell region between A=56 and A=100. In addition to
the standard spectroscopic quantities as energies and electromagnetic and weak transition probabilities,
beyond mean field studies should definitely calculate two-particle transfer amplitudes, which has been
seldom carried out in the existing work. It seems important to calculate the distribution of the transfer
strength over excited states, because from our present understanding the most likely scenario is that
the isoscalar pair correlations will show up as a pair vibrational phonon that is fragmented over sur-
rounding quasiparticle excitations. Calculations of the transfer strength distribution in the framework
of the Random Phase Approximation or large-scale Shell Model appear promising.
To conclude, pairing correlations in nuclei are a subject that still captures the imagination of the
nuclear structure community. The last 20 years have seen considerable progress in our understanding
of the collective correlations of neutrons and protons, and we have not reached the end of the story as
new and better data are coming along. A parallel development in both reaction and structure theory
will be needed to firmly elucidate and further our knowledge of np correlations in general and of the
nature of the T = 0 pair correlations in particular.
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